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Abstract. Heat-invariants are a class of spectral invariants of Laplace-type
operators on compact Riemannian manifolds that contain information about
the geometry of the manifold, e.g., the metric and connection. Since Brownian
motion solves the heat equation, these invariants can be obtained studying
Brownian motion on manifolds. In this article, we consider Brownian mo-
tion on the Toeplitz algebra, discrete Heisenberg group algebras, and non-
commutative tori to define Laplace-type operators and heat-semigroups on
these C*-bialgebras. We show that their traces can be ζ-regularized and com-
pute “heat-traces” on these algebras, giving us a notion of dimension and vol-
ume. Furthermore, we consider SUq(2) which does not have a Brownian mo-
tion but a class of driftless Gaussians which still recover the dimension of
SUq(2).
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2 ζ-REG. AND THE HEAT-TRACE ON SOME COMPACT QUANTUM SEMIGROUPS

1. Introduction

In this article, we want to consider ζ-regularization and the heat-trace in the
non-commutative settings of the Toeplitz algebra, discrete Heisenberg group, non-
commutative tori, and SUq(2). ζ-regularization is a means to extend tracial func-
tionals (not necessarily bounded) that are defined on a subalgebra to a larger do-
main. More precisely, consider an algebra A, a subalgebra A0, and a linear func-
tional τ ∶ A0 → C such that ∀x, y ∈ A0 ∶ τ(xy) = τ(yx). Given a holomorphic
family ϕ ∶ C → A and Ω ⊆ C open and connected such that the restriction ϕ∣Ω of
ϕ to Ω takes values in A0, we want to consider maximal holomorphic extensions
ζ(ϕ) of τ ○ ϕ∣Ω. In a way, this is a generalized version of the Riemann ζ-function
ζR and its applications like “∑n∈N n = ζR(−1)”. These ideas were pioneered by Ray
and Singer [39, 40] whose initial works had already been successfully applied by
Hawking [25] to compute the energy momentum tensor on the black hole horizon.
Since traces are important for studying invariants, ζ-regularization has become an
integral part of the pseudo-differential toolkit, especially in geometric analysis.

As such, the “classical case” to consider is where A = Ψ is the algebra of classical
[classical is important because we are not looking at the entire algebra of ψdos]
pseudo-differential operators on a compact Riemannian C∞-manifold M without
boundary, A0 the dense subalgebra of classical pseudo-differential operators that are
trace class on L2(M), and τ the canonical trace tr on the Schatten class S1(L2(M)).
It is then possible to construct this holomorphic family ϕ of pseudo-differential op-
erators in such a way that each ϕ(z) has affine order qz + a where q > 0. Then,

ϕ(z) is of trace class whenever R(z) < −dimM−R(a)
q

and τ ○ ϕ has a meromor-

phic extension to C. Furthermore, all poles are simple and contained in the set

{ j−a−dimM

q
; j ∈ N0}. This construction, using the notion of gauged symbols, was

introduced by Guillemin [20], the residues at the poles give rise to Wodzicki’s non-
commutative residue [50] which (up to a constant factor) is the unique continuous
trace on Ψ (if dimM > 1), and the constant Laurent coefficients give rise to the
Kontsevich-Vishik trace [27,28]. It was later shown [35] that the Kontsevich-Vishik
trace (which is unbounded in general) is the unique extension of the canonical trace
on S1(L2(M)) to the subspace of pseudo-differential operators of non-integer order
(a dense subspace of Ψ which is not an algebra). The Kontsevich-Vishik trace has
also been extended to Fourier integral operators (or, more precisely, “gauged poly-
log-homogeneous distributions” which contain the gauged Lagrangian distributions
studied by Guillemin [20] which in turn contain Fourier integral operator traces) in
Hartung’s Ph.D. thesis [23, 24].

Families ϕ of the form ϕ(z) = TQz, which are constructed using a classical
pseudo-differential operator T and complex powers Qz of an appropriate invertible
elliptic operator Q [45], are particularly important example of such ζ-functions.
Here, the meromorphic extension of trTQz is denoted by ζ(T,Q) and called the ζ-
regularized trace of T with weightQ. It was shown [38] that the constant term of the
Laurent expansion of ζ(T,Q) centered at zero is of the form trKV T − 1

q
res(T lnQ)−

tr(T prkerQ) where trKV denotes the Kontsevich-Vishik trace, res(T lnQ) is the so
called “trace anomaly”, and res denotes the extended Wodzicki residue (note that
T lnQ is typically not a pseudo-differential operator and the formula holds only
locally as neither trKV nor res are globally defined in general). For T = 1, res(lnQ)
this is called the logarithmic residue [37, 44]. This trace anomaly only appears in
the so called “critical case” which is if there exists a degree of homogeneity −dimM

in the asymptotic expansion of T , i.e., ζ(T,Q) has a pole in zero.1

1Here, we are ignoring the fact that the residue might be zero in which case ζ(T,Q) is holo-
morphic in a neighborhood of zero. However, even if this is the case ζ(T,Q)(0) behaves exactly
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The Kontsevich-Vishik trace of T can be stated in the following form. Let T
have symbol σ with asymptotic expansion σ(x, ξ) ∼ ∑j∈N

0
αm−j(x, ξ) where each

αm−j is homogeneous of degree m − j in ξ. In other words,

k(x, y) ∶=(2π)−dimM

ˆ

RdimM

ei⟨x−y,ξ⟩ℓ2(dimM)σ(x, ξ)dξ

∼ ∑
j∈N

0

(2π)−dimM

ˆ

RdimM

ei⟨x−y,ξ⟩ℓ2(dimM)αm−j(x, ξ)dξ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∶km−j(x,y)

coincides locally with the kernel of T modulo smoothing operators. Then, there
exists N ∈ N (any N > dimM +R(m) will do) such that the operator T reg with

kernel kreg ∶= k −∑N
j=0 km−j is of trace class and

trKV T = trT reg =
ˆ

M

kreg(x,x)dvolM(x).

This formula has a very important consequence, namely that the Kontsevich-Vishik
trace of differential operators (m ∈ N0 and ∀j ∈ N>m ∶ αm−j = 0) vanishes.

If Q = ∆ + prker∆ where ∆ is an elliptic differential operator and prker∆ the
projection onto its kernel, then Γ(−z)TQ−z is the Mellin transform of Te−tQ and,
provided ∆ is non-negative, z ↦ Γ(−z)ζ(T,Q)(−z) is the inverse Mellin transform
of t ↦ trTe−tQ. For T = 1 the function t ↦ tr e−tQ is called the (generalized) heat-
trace generated by −Q. An important application of these heat-traces is given in the
heat-trace proof [2] of the Atiyah-Singer index theorem; namely, if D is a differential

operator, then its Fredholm index is given by indD = tr(e−tD∗D − e−tDD∗).
Using the inverse Mellin mapping theorem [4], it follows that trTe−tQ has an

asymptotic expansion 1
q ∑j∈N

0
ajt
−dj +O(t−γ) where dj =

j−a−n
q

, aj = − 1
q
res(TQ−dj)

for dj > 0, and some appropriate γ > a+dimM
q

. If T is a differential operator plus a

trace class operator T0, then we also know that aj = trT0 − 1
q
res(T lnQ) if dj = 0.

For instance, let Q be the positive Laplace-Beltrami operator on a compact
Riemannian C∞-manifold M of even dimension and without boundary. Then,

tr e−tQ =
vol(M)
(4πt) dimM

2

+ total curvature(M)
3(4π) dimM

2 t
dimM

2
−1
+ higher order terms

and, more generally, for dimM ∈ N, the heat-trace has an expansion

tr e−tQ = (4πt)− dimM
2 ∑

k∈N
0

Akt
k
2

for t↘ 0. The Ak are called heat-invariants and are spectral invariants of Laplace
type operators ∇∗∇+V generating the corresponding “heat-semigroup” where ∇ is a
connection on a vector bundle over M and V is a multiplication operator called the
potential. More precisely, the heat-invariants are functorial algebraic expressions
in the jets of homogeneous components of Q, i.e., if Q is geometric, then the heat-
invariants carry information about the underlying metric and connection on M .
We can see this quite nicely in the Laplace-Beltrami case, in which the volume and
total curvature appear as lowest order heat-invariants and the dimension of the
manifold in the pole order.

These properties of ζ-functions and heat-traces are fundamental in geometric
analysis which begs the questions whether or not they extend to non-commutative
settings. Such questions have also been studied on the non-commutative torus, the

like you expect the constant Laurent coefficient to behave in the presence of a pole, so for all
intents an purposes ζ(T,Q) has a pole.
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Moyal plane, the Groenewold-Moyal star product, and the non-commutative ϕ4

theory on the 4-torus [4, 7–9,12–17,19, 26, 29, 34, 41, 46, 48, 49].
The non-commutative torus T

n
ϑ is a deformation of the torus R

n/Zn using a
real anti-symmetric n × n matrix ϑ as a twist. The corresponding C*-algebra
Aϑ which has a dense subalgebra consisting of elements a = ∑k∈Zn akUk where
(ak)k∈Zn is in the Schwartz space S(Zn), U0 = 1, each Uk is unitary, and UkUl =
e−πi⟨k,ϑl⟩ℓ2(n)Uk+l = e−2πi⟨k,ϑl⟩ℓ2(n)UlUk. The construction of Aϑ and its algebra of
pseudo-differential operators Ψ(Tn

ϑ) is chosen in such a way that ϑ → 0 recovers
A0 = C∞ (Rn/Zn) and Ψ(Tn

0 ) is the algebra of classical pseudo-differential opera-
tors on R

n/Zn. Then, it is possible to define T
n
ϑ versions of the Wodzicki residue

and Kontsevich-Vishik trace and show many of the properties described above. In
particular, in [29] it is shown that ζ-functions are meromorphic on C with isolated

simple poles at j−a−n
q

for j ∈ N0 and that the heat-trace pole order is n
2
.

In this article, we want to add another layer of abstraction and consider a num-
ber of quantum semigroups. While it is perfectly possible to define a “twisted”
Laplace-Beltrami operator and, more generally pseudo-differential operators, on
the non-commutative torus by introducing a non-commutative twist on the clas-
sical algebra of pseudo-differential operators on the torus, such a construction is
not straight forward if at all possible for many interesting quantum semigroups.
Instead, we want to make use of the fact that Brownian motion solves the heat
equation. In other words, the Laplace operator and the heat-semigroup can be re-
covered using Brownian motion. Hence, our approach in this article is to consider
driftless Gaussian processes on quantum semigroups that allow us to define an ap-
propriate notion of Brownian motion and use these Markov semigroups to define
Laplace-type operators and “heat-semigroups”.

The study of Lévy processes on *-bialgebras (cf. [42]) gives a very satisfying the-
ory of independent increment processes in the non-commutative framework. This
was initiated in the late eighties by Accardi, Schürmann, and von Waldenfels [1].
The theory generalizes the notion of Lévy processes on semigroups and allows for
various types of familiar Lévy processes. The most important of these types in this
article, and arguably in general, is the notion of a Gaussian Lévy process. The
construction of these Lévy processes is purely algebraic. Attempts at extending
these methods to the C*-algebraic framework have made great progress. Lindsay
and Skalski have completed this work relying on the assumption that the generator
of the Lévy process is bounded [31–33]. More recently, Cipriani, Franz and Kula
[10] have developed a characterization in terms of translation invariant quantum
Markov semigroups on compact quantum groups that does not assume the gener-
ator to be bounded. At the time of writing an unpublished approach by Das and
Lindsay will give a full characterisation for reduced compact quantum groups again
which allows unbounded generators. In this article, we will introduce a C*-algebraic
Lévy process methodology that does not rely on the boundedness of the genera-
tor but will require the C*-algebra to be universal and “nicely-generated” in some
sense. This will allow us to develop Gaussian processes on C*-bialgebras (whose
generators in general are not bounded) and then by a canonical choice of Gaussian
process which we will take to be Brownian motion we will have definitions for a
heat-semigroup on our examples of C*-bialgebras.

The Toeplitz algebra is an interesting choice of algebra to consider in this context
since it does not have a twist structure of the form allowing us to directly model
pseudo-differential operators, yet defining Brownian motion is very natural. Hence,
we will start by formally introducing the Toeplitz algebra T and give an overview
of convolution semigroups (which contain the notion of Lévy processes) in section 2.
Since Brownian motion is classically generated by the Laplace-Beltrami operator,
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we define a class of operators (polyhomogeneous operators) on the Toeplitz algebra
which play a similar role to classical pseudo-differential operators in section 3, as
well as their ζ-functions. Then, we will study the heat-semigroup and ζ-regularized
heat-trace in section 4.

While the dynamics of the Toeplitz algebra are generated by the circle ∂BC ≅
R/2πZ, it is not obtained from “twisting” the product on C(∂BC). In particular, it
is not merely some Tϑ. In order to relate these results to more “classical” scenarios,
we will consider the discrete Heisenberg group algebra in sections 5 and 6, and
non-commutative tori in section 7. In particular, we can relate the heat-traces
of discrete Heisenberg group algebras and non-commutative tori to the “classical”
heat-traces on tori.

Finally, we will consider SUq(2) which, although being a “twisted” manifold,
does not have a Brownian motion. Instead all driftless Gaussian semigroups are
generated by constant multiples of a unique operator (which is not the Laplacian on
SU(2)). Still, this family of driftless Gaussians can be regularized and is formally
very similar to the Brownian motion on the Toeplitz algebra.

Our main observations are the following.

(i) On the Toeplitz algebra, ζ-functions of polyhomogeneous operators have at

most simple poles in the set {−2−dι

δ
; ι ∈ I} where the dι are the degrees of

homogeneity and δ plays the same role q did above. Furthermore, the “heat-
trace” can be ζ-regularized, has a first order pole in zero, and the sequence
of heat coefficients (Ak)k∈N

0
satisfies A0 = −2π and ∀k ∈ N ∶ Ak = 0. This

is exactly what we would expect to see if the Toeplitz algebra were a 2-
dimensional manifold of “volume” −2π (all other heat coefficients vanishing).

(ii) In the case of the discrete Heisenberg group algebra HN we consider two
cases; namely, the twist being an abstract unitary or having a complex
twist.
(a) If the twist is an abstract unitary, then ζ-functions of polyhomogeneous

operators have isolated first order poles in the set {−2N−1−dι

δ
; ι ∈ I}.

This corresponds to the classical case of a 2N + 1-dimensional mani-
fold. The heat-trace however is given by − tr ○S where S is the heat-
semigroup on the R

2N /2πZ2N , i.e., the heat-trace appears as if HN

were a 2N -torus with all heat-coefficients multiplied by −1.
(b) If we consider a complex twist, then ζ-functions of polyhomogeneous

operators have isolated first order poles in the set {−2N−dι

δ
; ι ∈ I} and

the heat-trace coincides with the heat-trace on R
2N /2πZ2N . In other

words, HN looks exactly like a 2N -dimensional torus.
(iii) The non-commutative torus AN

ϑ is closely related to the discrete Heisenberg
group algebra case. As such we will consider two cases again; (a) T twists
that are abstract unitaries and (b) T complex twists. It is also possible to
add another T ′ complex twists to the case (a) without changing the results.
(a) If the twists are abstract unitaries, then ζ-functions of polyhomoge-

neous operators have isolated first order poles in {−N−T−dι

δ
; ι ∈ I}.

This corresponds to the classical case of an N + T-dimensional man-
ifold. The heat-trace however is given by (−1)T tr ○S where S is the
heat-semigroup on the R

N/2πZN , i.e., the heat-trace appears as if AN
ϑ

were an N -torus with all heat-coefficients multiplied by (−1)T .
(b) If we consider a complex twists, then ζ-functions of polyhomogeneous

operators have isolated first order poles in the set {−N−dι

δ
; ι ∈ I} and

the heat-trace coincides with the heat-trace on R
N /2πZN . In other

words, AN
ϑ looks exactly like an N -dimensional torus.
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(iv) SUq(2) is a somewhat special case in the list of quantum semigroups we
consider here since it does not have a Brownian motion. Hence, there
is no heat-semigroup. However, there is still a class of driftless Gaus-
sians that we can consider in lieu of alternatives. Their traces can be
ζ-regularized and have a pole in zero which is of order 3

2
. This corresponds

to a 3-dimensional manifold (SUq(2) is a twisted 3-dimensional Calabi-
Yau algebra and SU(2) is isomorphic to the 3-sphere). The sequence of

corresponding “heat-coefficients” (Ak)k∈N
0

is given by A0 = −2π2r−
3
2 and

∀k ∈ N ∶ Ak = 0 where r ∈ R>0 is a parameter describing the family of
driftless Gaussians on SUq(2). Hence, we still obtain consistent results re-
garding dimensionality of SUq(2) but interpreting the “heat-coefficient” A0

as volume would be a bit of a stretch as it is also negative in the SU(2)
case. Furthermore, ζ-functions of polyhomogeneous operators have isolated
first order poles in the set {−3−dι

δ
; ι ∈ I}.

2. Convolution semigroups and the Toeplitz algebra

In this section we will introduce the Toeplitz algebra as a C*-bialgebra. This
has been introduced previously in [3]. We will characterize the Schürmann triples
on this C*-bialgebra which generalizes the notion of Lévy processes on a compact
topological semigroup.

This will lead to a natural choice for Brownian motion and in later sections we
will calculate important quantities associated to this semigroup that in the classical
setting give information about the structure of the manifold involved.

Definition 2.1. The universal C*-algebra generated by the right shift operator
R ∶ ℓ2(N0) → ℓ2(N0) such that

R(λ0, λ1, . . . ) = (0, λ0, λ1, . . . )
is called the Toeplitz algebra and denoted T .

The Toeplitz algebra has a dense *-subalgebra with basis given by Rn,m =
RnR∗m. We will denote this sub *-algebra T0. For a more detailed account of
the Toeplitz algebra see [36].

We will proceed to define C*-bialgebras, these are the non-commutative analogue
to topological semigroups with identity in the same sense that C*-algebras are a
non-commutative analogue to locally compact Hausdorff topological spaces and
compact quantum groups are non-commutative analogues to compact groups.

Definition 2.2. A *-bialgebra is a unital *-algebra A with unital *-homomorphisms
∆ ∶ A→ A⊗A and ε ∶ A→ C that satisfy

(∆⊗ id) ○∆ = (id⊗∆) ○∆ and (ε⊗ id) ○∆ = id = (id⊗ε) ○∆
where ⊗ is the algebraic tensor product.

Definition 2.3. A C*-bialgebra is a unital C*-algebra A with unital C*-homo–
morphisms ∆ ∶ A→ A⊗A and ε ∶ A→ C that satisfy

(∆⊗ id) ○∆ = (id⊗∆) ○∆ and (ε⊗ id) ○∆ = id = (id⊗ε) ○∆
where ⊗ is the spatial tensor product.

If we also required that the sets ∆(A)(1 ⊗ A) and ∆(A)(1 ⊗ A) were dense in
A⊗A in the definition of C*-bialgebra we would have the definition of a compact
quantum group. These conditions are the quantum cancellation properties but will
not be required for this.

The map ∆ is called to co-multiplication and the first identity involving only ∆

is called co-associativity. This is to mirror the multiplication of a semigroup. The
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map ε is called the co-unit and the second identity is called the co-unital property.
This is analogous to the identity element of a semigroup.

Proposition 2.4. The Toeplitz algebra can be given the structure of a C*-bialgebra
with co-multiplication ∆(Rn,m) = Rn,m ⊗ Rn,m and co-unit ε(Rn,m) = 1 for all
n,m ∈ N0. Furthermore, the restriction of these maps to T0 makes T0 a *-bialgebra.

Proof. As the Toeplitz algebra is a universal C*-algebra generated by the isometry
R, we only need to show that ∆(R)∗∆(R) = IT ⊗T and ε(R)∗ε(R) = 1. This is
straightforward:

∆(R)∗∆(R) = (R∗ ⊗R∗)(R⊗R) = R∗R⊗R∗R = IT ⊗ IT = IT ⊗T
and

ε(R)∗ε(R) = (1∗)(1) = 1.
The fact that the maps restricted to T0 gives it the structure of a *-bialgebra is
easily seen by the identity ∆(Rn,m) = Rn,m ⊗Rn,m. �

Now that we have a *-bialgebra we can appeal to the theory of Lévy processes
on *-bialgebras [30, 42].

For a pre-Hilbert space D, let L∗(D) denote the set of adjointable operators,
that is, linear maps T ∶ D → D such that there exists T ∗ ∶ D → D such that
∀x, y ∈D ∶ ⟨x,T y⟩ = ⟨T ∗x, y⟩. This is clearly a unital *-algebra.

Definition 2.5. Let A be a *-bialgebra . A Schürmann triple (̺, η,L) consists of
a unital *-homomorphism ̺ ∶ A → L∗(D) for some pre-Hilbert space D, a ̺ − ε
cocycle η ∶ A→D, i.e.,

η(ab) = η(a)ε(b) + ̺(a)η(b)
and a *-linear functional L ∶ A→ C such that

L(ab) = L(a)ε(b) + ε(a)L(b) + ⟨η(a∗), η(b)⟩ .
A Schürmann triple will be called surjective if the cocycle η has dense image.

If we let D be the Hilbert space completion of D and we consider unital *-
homomorphisms ̺ ∶ T0 → L∗(D), we can see that ̺(R) ∈ L∗(D) is an isometry

and can therefore be extended to B (D). As T0 is generated by R we can now use

induction on word length to see that ̺(Rn,m) can be extended to B (D) for all
n,m ∈ N0.

Therefore we can replace the pre-Hilbert space in the Schürmann triple definition
by a Hilbert space and the adjointable operators by the bounded operators.

We will now proceed to characterize the Schürmann triples on T0.

Theorem 2.6. Given an isometry V ∈ B(H) on some Hilbert space H, h ∈ H, and
λ ∈ R, there exists a unique Schürmann triple (̺, η,L) on T such that

̺(R) = V, η(R) = h, and L(R −R∗) = iλ.
Furthermore, every Schürmann triple arises this way.

Proof. Clearly given any Schürmann triple we can see that ̺(R) is an isometry on
some Hilbert space H . By definition η(R) is an element of H and by *-linearity
L(R −R∗) is a purely imaginary number.

Starting with V ∈ B(H), h ∈ H , and λ ∈ R, we easily construct ̺ ∶ T → B(H)
by universality where ̺(R) = V . If we let η(R) = h, η(R∗) = −V h and η(ab) =
η(a)ε(b) + ̺(a)η(b) for all a, b ∈ T0, we will see that η(R∗R) = 0 and η ∶ T0 →H is
well-defined.
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Finally, let L(R−R∗) = iλ, L(R+R∗) = −⟨h,h⟩, and L(ab) = L(a)ε(b)+ε(a)L(b)+
⟨η(a∗), η(b)⟩ for all a, b ∈ T0. Again, we see that L(R∗R) = 0 and L ∶ T0 → C is
well-defined. �

Definition 2.7. A convolution semigroup of states is a family of linear functionals
ϕt ∶ A→ C such that ϕt(a∗a) ≥ 0 and ϕt(1) = 1 for all t ≥ 0, i.e., ϕt is a *-algebra
state for all t ∈ R≥0 and

ϕt ∗ ϕs ∶= (ϕs ⊗ ϕt) ○∆ = ϕt+s, ϕ0 = ε, and lim
r→0

ϕr(a) = ε(a)
for all t, s ∈ R≥0 and a ∈ A.

Definition 2.8. A generating functional is a linear functional L ∶ A→ C such that

L(1) = 0, L(a∗) = L(a), and L((a − ε(a))∗(a − ε(a))) ≥ 0
for all a ∈ A.

Schürmann proved that following are in one-to-one correspondence

● Shürmann triples on A;
● Convolution semigroups of states on A;
● Generating functionals on A.

In the classical setting given a Lévy process Xt on a compact semigroup the as-
sociated probabiltity distributions µt form a convolution semigroup of probability
measures. This motivates the definition of Lévy processes on *-bialgebras as states
act as a noncommutative analogue to probability measures by results such as the
Markov-Riesz-Kakutani theorem.

In the definition of the Schürmann triple the functional L is the generating
functional. These will assist us in constructing contraction semigroups of operators.
To extend these results to the C*-algebraic level we will introduce the symmetric
Fock space.

Definition 2.9. Let H be a Hilbert space. The symmetric Fock space is given by

CΩ⊕⊕
n≥1

H∨n

where Ω is called the vacuum vector and H∨n ⊆ H⊗n such that elements are un-
changed by the action of permutation of tensor factors. The symmetric Fock space
of H is denoted by Γ(H).

If H = L2(R≥0;K) for some Hilbert space K, we will call Γ(H) = F and for
I ⊆ R≥0 call Γ(L2(I;K)) = FI .

Note that the so called exponential property of Fock spaces with

L2([0, b1);K)⊕L2([b1, b2);K)⊕ ⋅ ⋅ ⋅ ⊕L2([bn,∞);K) ≅ L2(R≥0;K)
gives the decomposition

F[0,b1) ⊗F[b1,b2) ⊗ ⋅ ⋅ ⋅ ⊗F[bn,∞) ≅ F

for all n ∈ N and 0 < b1 < b2 < ⋅ ⋅ ⋅ < bn.
A very important subspace of the Fock space is the the space of exponential

vectors given by the linear span of the vectors

e(u) = (1, u, u⊗2√
2
, . . . ,

u⊗n√
n!
, . . .) ∈ F

for all u ∈ L2(R≥0;K). This is a dense subspace of F and we will denote it by E.
Using this characterization of Schürmann processes we can now appeal to the

Representation Theorem (Theorem 1.15 [18]) to realize our Lévy process on the
Fock space. This gives us a family of adapted unital weak*-homomorphisms js,t ∶
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T0 → L†(E) where L†(E), in the context of E being a subspace of a Hilbert space,
is the family of linear operators T ∶ E → F such that the adjoint T ∗ has domain
which contains E.

More specifically, js,t ∶ A → L†(E) is a family such that js,t(a) acts non-
identically only on F[s,t) (adapted), js,t(1) = idF (unital), satisfies the weak multi-
plicative property

⟨x, js,t(a∗b)y⟩ = ⟨js,t(a)x, js,t(b)y⟩,
and is a Fock space Lévy process, i.e., a family (js,t)0≤s≤t of maps A→ L†(E) such
that

(i) jt,t = idF ,
(ii) (jr,s ⊗ js,t) ○∆ = jr,t,
(iii) limt→s⟨e(0), js,t(a)e(0))⟩ = 1 and
(iv) ⟨e(0), js,t(a)e(0))⟩ = ⟨e(0), js+r,t+r(a)e(0))⟩.

The following result of Belton and Wills [5] tells us that, because the Toeplitz
algebra is nicely generated, algebraic unital weak*-homomorphisms are enough to
extend to C*-algebraic unital homomorphisms.

Proposition 2.10. There is a one-to-one correspondence between unital weak*-
homomorphisms j ∶ T0 → L†(E) and unital C*-homomorphisms ĵ ∶ T → B(F).
Proof. Clearly given ĵ ∶ T → B(F) then j ∶= ĵ∣T

0
defines a unital *-homomorphism

j ∶ T0 → B(F) ⊆ L†(E).
Now let j ∶ T0 → L†(E) this implies that

∥x∥2 = ⟨x, j(R∗R)x⟩ = ⟨j(R)x, j(R)x⟩ = ∥j(R)x∥2
for all x ∈ E. Since E is dense in F, j(R) can be extended to an isometry in B(F).
Adjointability implies that j(R∗) is also bounded. We can now use induction on
word length and linearity to show that j(Rn,m) ∈ B(F) for all n,m ∈ N0. Now

using universality there exists a unital C*-homomorphism ĵ ∶ T → B(F) such that

ĵ(R) = j(R). �

Corollary 2.11. There is a one-to-one correspondence between Schürmann triples
on T0 and Lévy processes js,t ∶ T → B(F).

Given such a Lévy process we get a C0-convolution semigroup of states [31] on
the C*-algebra T this is given by ϕt(a) = ⟨Ω, j0,t(a)Ω⟩. Furthermore we get an
associated C0-semigroup T (t) ∶ T → T given by T (t) ∶= (id⊗ϕt) ○∆.

Example Let H = C, V = idC , h = 1, and λ = 0 from Theorem 2.6. This is the nat-
ural choice of Brownian motion on the Toeplitz algebra. Firstly Schürmann triples
are said to be Gaussian if and only if the associated unital *-homomomorphism is
of the form ̺ = ǫ.

Furthermore, if the V ∈ B(H) in Theorem 2.6 is chosen to be unitary, then the
associated Lévy process can be restricted to the quotient C*-algebra T /K(ℓ2(N0)) ≅
C(∂BC) the continuous functions on the circle group.

In the case above the associated Lévy process corresponds to the standard Brow-
nian motion on the real line “wrapped” around the circle.

More explicitly the Schürmann triple on the dense *-bialgebra T0 is given by

̺(Rn,m) = ε(Rn,m) = 1, η(Rn,m) = n −m, and L(Rn,m) = −(n −m)2
2

.

This has an associated C0-convolution semigroup of states that acts on the dense
*-bialgebra by

ϕt(Rn,m) = e− (n−m)22
t.
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∎

3. ζ-regularized traces of polyhomogeneous operators

In this section, we want to consider a class of operators that generate convolution
semigroups on the Toeplitz algebra T which resemble pseudo-differential operators.
In particular, the generator of Brownian motion, i.e., our version of the Laplacian, is
an operator of this type. We will then show, that these operators have ζ-regularized
traces, i.e., analogues of the Kontsevich-Vishik trace and residue trace. Recall
the following properties of the Toeplitz algebra T and generators of convolution
semigroups on T .

(i) The space T0 ∶= lin {Rn,m; n,m ∈ N0} is a dense ∗-subalgebra of T .
(ii) The co-unit ε satisfies ∀m,n ∈ N0 ∶ ε(Rn,m) = 1.
(iii) The co-multiplication ∆ satisfies

∀m,n ∈ N0 ∀α ∈ C ∶ ∆(αRn.m) = αRn,m ⊗Rn,m.

(iv) Let L be the generating functional of a convolution semigroup ω. Then,
the corresponding operator semigroup is given by t ↦ (id⊗ωt) ○∆ and has
generator (id⊗L) ○∆.

Definition 3.1. An operator H on T is called polyhomogeneous if and only if there
exists a functional L ∶ T0 → C such that H ∣T

0
= (id⊗L) ○∆ and

∃r ∈ R ∃I ⊆ N ∃α ∈ ℓ1(I) ∃d ∈ (C2
R(⋅)<r)I ∀m,n ∈ N0 ∶ L(Rn,m) =∑

ι∈I

αισdι
(m,n)

where C
R(⋅)<r ∶= {z ∈ C; R(z) < r}, C

2
R(⋅)<r ∶= C

R(⋅)<r × CR(⋅)<r, σdι
∶ R

2 → C is

homogeneous of degree dι, i.e.,

∀λ ∈ R>0 ∀ξ ∈ R
2
∶ σdι

(λξ) = λdισdι
(ξ),

and ∑ι∈I αισdι
(m,n) is absolutely convergent.

Example The generating functional of Brownian motion is given by

∀m,n ∈ N0 ∶ LBM(Rn,m) = −(n −m)2
2

= (−1
2
n2m0) + (n1m1) + (−1

2
n0m2) .

Thus, the generatorHBM of the Brownian motion semigroup B is polyhomogeneous
with finite I and each dι = 2.

∎

Since 2HBM is the Laplace-Beltrami on compact Riemannian manifolds without
boundary, we obtain the following definition of the Laplacian on T .

Definition 3.2. Let HBM = (id⊗LBM) ○∆ be the generator of Brownian motion.
Then, we call the (polyhomogeneous) operator ∆T ∶= 2HBM the Laplacian on T .

We are now interested in ζ-regularized traces of polyhomogeneous operators.
Thus, in order to compute traces, the following results shine a light on their spectral
properties.

Lemma 3.3. Let L be the generating functional of a convolution semigroup of
states on T and H ∶= (id⊗L) ○∆. Then, H is a closed, densely defined operator
and

∀n ∈ N ∀λ ∈ R>ω ∶ ∥(λ −H)−1∥ ≤ 1

λ
.
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Proof. Let ϕ be the convolution semigroup of states generated by L. Then, t ↦(id⊗ϕt) ○∆ satisfies

∀t ∈ R>0 ∶ ∥T (t)∥ = ∥(id⊗ϕt) ○∆∥ ≤ ∥id⊗ϕt∥ ∥∆∥ = 1
and is a contraction semigroup on T . Since T is a Banach space, the Theorem of
Hille-Yosida-Phillips yields the result. �

Lemma 3.4. Let H = (id⊗L)○∆ with L ∶ T0 → C linear. Then, the point spectrum
σp(H) of H is given by

{L(Rn,m); m,n ∈ N0} ⊆ σp(H)
including multiplicities and the spectrum σ(H) of H is given by

σ(H) = {L(Rn,m); m,n ∈ N0}.
In particular, if {L(Rn,m); m,n ∈ N0} is closed in C, then

σ(H) = σp(H) = {L(Rn,m); m,n ∈ N0}
including multiplicities.

Furthermore, if σ(H) ⊊ C, then H is closable.

Proof. Let S ∶= {L(Rn,m); m,n ∈ N0}. Then, we observe

∀m,n ∈ N0 ∶ HRn,m = L(Rn,m)Rn,m,

i.e., S ⊆ σp and S ⊆ σ(H) since the spectrum is always closed.

Let λ ∈ C ∖S. Then, λ−H is boundedly invertible2 on T0 and, since T0 is dense

in T , we obtain σ(H) ⊆ S.
Finally, assume σ(H) ⊊ C and let λ ∈ ̺(H). Then, λ−H is boundedly invertible,

i.e., closable. Since H is closable if and only if λ − H is closable, we obtain the
assertion. �

Example The Laplacian ∆T and the heat-semigroup T (generated by ∆T ) have
pure point spectrum

σ(∆T ) =σp(∆T ) = {−(n −m)2; m,n ∈ N0}
∀t ∈ R≥0 ∶ σ(T (t)) =σp(T (t)) = {exp (−(n −m)2t) ; m,n ∈ N0}

including multiplicities.

∎

Remark Here we can see two very important differences to the classical theory.
Namely, ∆T does not have compact resolvent and the heat-semigroup is not a semi-
group of trace class operators (in fact, they are not even compact). In particular,
this means that the heat-trace will need to be regularized.

∎

Hence, we know which polyhomogeneous operators have pure point spectrum.
However, since “trH = ∑λ∈σ(H)∖{0} µλλ” (where µλ denotes the multiplicity of λ)
will not converge in general, the idea is to use a spectral ζ-regularization similar to
“∑n∈N n = ζR(−1)” where ζR is the Riemann ζ-function.

2By “boundedly invertible on T
0
” we mean that λ −H ∶ T

0
→ T

0
is bijective, i.e., the inverse

relation (λ −H)−1 ∶= {(x, y) ∈ T 2

0
; (y, x) ∈ λ −H} is an operator, and (λ −H)−1 ∶ T

0
→ T

0
is

bounded with respect to the topology induced by T .
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Definition 3.5. Let G be a holomorphic family of operators satisfying

∀z ∈ C ∶ G(z) = (id⊗LG(z)) ○∆ = G0(z) +Gp(z)
such that each {LG(z)(Rn,m); m,n ∈ N} is closed, G0(z) is of trace class for all
z ∈ C

R(⋅)<R with R ∈ R>0, and Gp is polyhomogeneous with

∀m,n ∈ N0 ∶ Lp,G(z)(Rn,m) = ∑
ι∈I

αι(z)σdι+δz(m,n)
where each αι is holomorphic and δ ∈ R>0. Then, we call G a gauged polyhomoge-
neous operator with index set I.

Furthermore, we call G normally gauged if and only if δ = 1. δ is called the gauge
scaling.

Theorem 3.6. Let G = G0 +Gp be a gauged polyhomogeneous operator on T with

∀m,n ∈ N0 ∶ Lp,G(z)(Rn,m) = ∑
ι∈I

αι(z)σdι+δz(m,n)
such that σ(Gp(z)) = σp(G(z)) = {Lp,G(z)(Rn,m); m,n ∈ N0}. Then, G is of trace
class if R(dι + δz) < −2.

Furthermore, the meromorphic extension ζ(G) of

C
R(⋅)<

−2−sup{R(dι); ι∈I}
δ

∋ z ↦ trG(z) ∈ C
exists on a half space C

R(⋅)<R with R ∈ R>0 and has at most simple poles at points

in {−2−dι

δ
; ι ∈ I}.

Proof. Since G0 is of trace class on a half space C
R(⋅)<R with R ∈ R>0, it suffices to

consider Gp. Since Gp(z) has the same spectrum as D(z) ∶= ∑ι∈I αι(z)σdι+δz ( ∣∇∣2 )
on R

2/2πZ2. Thus, the result follows from the known pseudo-differential theory. �

Corollary 3.7. Let G and H be gauged polyhomogeneous operators with G(0) =
H(0).

(i) The residue c−1(ζ(G),0) of ζ(G) in zero is gauge-invariant up to the gauge
scalings δG and δH. More precisely,

c−1(ζ(G),0)
δG

=
c−1(ζ(H),0)

δH
.

(ii) Let ∀ι ∈ I ∶ dι ≠ −2. Then, the constant Laurent coefficient is gauge-
invariant, i.e.,

c0(ζ(G),0) = c0(ζ(H),0)
Definition 3.8. Let G be a gauged polyhomogeneous operator.

(i) G(0) is called non-critical if and only if ∀ι ∈ I ∶ dι ≠ −2.
(ii) Let G(0) be non-critical. Then, we define the ζ-regularized trace of G(0)

as

trζ(G(0)) ∶= ζ(G)(0).
Since criticality, i.e., whether or not there is a dι = −2, determines the possible

existence of a pole in zero, we will use the following terminology. The lowest order
Laurent coefficient of ζ(G) is independent of chosen gauge, i.e., it depends only on
G(0), justifying the definition

l.o.L.c.(G(0)) ∶= ⎧⎪⎪⎨⎪⎪⎩
c−1 (ζ(G),0) , G(0) critical

c0 (ζ(G),0) , G(0) non-critical

independent on whether or not these values are zero.
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Proposition 3.9. The lowest order Laurent coefficient is tracial given any normal
gauge.

More precisely, let A = (id⊗LA) ○∆ and B = (id⊗LB) ○∆ be polyhomogeneous
operators. Then, AB = BA and, if AB is non-critical, trζ(AB) = trζ(BA).
Proof. Note that AB = BA since

∀m,n ∈ N0 ∶ ABRn,m =A (LB(Rn,m)Rn,m) = LA(Rn,m)LB(Rn,m)Rn,m

=BARn,m.

Let H be a gauged polyhomogeneous operator with H(0) = B, G1 ∶= AH, and
G2 ∶= HA. Then, G1 = G2 and, hence, ζ(G1) = ζ(G2). Since l.o.L.c. is gauge
independent, we obtain l.o.L.c.(AB) = l.o.L.c.(BA). �

Example Consider the Laplacian ∆T = (id⊗L∆T ) ○∆ with

∀m,n ∈ N0 ∶ L∆T (Rn,m) = −(n −m)2 = −n2
+ 2mn −m2.

Thus, ∆T is non-critical and trζ(∆T ) can be written as a Kontsevich-Vishik trace
of a classical pseudo-differential operator which yields

trζ(∆T ) = trKV (−(∣∂1∣ − ∣∂2∣)2
4

) = 0
where (∂1, ∂2) is the gradient on R

2/2πZ2.
More generally, let p ∶ R

2 → C be a polynomial. An operator D = (id⊗L) ○∆
with L(Rn,m) = p(m,n) is called a differential operator. Then, D is non-critical
and trζ(D) = 0.

∎

4. The ζ-regularized heat-trace

For a compact Riemannian manifold M without boundary and of even dimension
dimM ∈ 2N, the heat-trace, that is, the trace of the heat-semigroup T , has a
polyhomogeneous expansion in the time parameter near zero which is of the form

trT (t) = vol(M)
(4πt) dimM

2

+
total curvature(M)
3(4π) dimM

2 t
dimM

2
−1
+ higher order terms.

More generally, for dimM ∈ N, the heat-trace has an expansion

trT (t) = (4πt)− dimM
2 ∑

k∈N
0

t
k
2Ak

for t↘ 0 where the Ak are called heat-invariants. These heat-invariants are spectral
invariants of Laplace type operators ∇∗∇ + V generating the corresponding “heat-
semigroup” where ∇ is a connection on a vector bundle over M and V is called the
potential.

In this section, we want to consider the heat-semigroup T generated by ∆T
on T and compute the heat-coefficient. However, while the heat-semigroup is a
semigroup of trace class operators, this is no longer true for the Toeplitz algebra
since

σ(T (t)) = σp(T (t)) = {exp (−t(n −m)2) ; m,n ∈ N0}
including multiplicities. In other words, each eigenvalue has multiplicity ℵ0, i.e.,
T (t) is bounded but not compact. Thus, we need to regularize trT (t). However, if

we naïvely expand exp (−t(n −m)2) = ∑k∈N
0

(−t)k(n−m)2k

k!
, we obtain a polyhomo-

geneous representation which fails to satisfy supι∈I R(dι) <∞. In other words, we
cannot simply apply the theory developed in section 3. Thus, we define a slightly
more general ζ-function.
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Definition 4.1. Let G = (G(z))z∈C2 be a holomorphic family of operators on T .
Then, we call G a generalized gauged polyhomogeneous operator (or generalized
gauge) if and only if G(0) = 1 and ∀z ∈ C2

∶ G(z) = G0(z)+(id⊗Lp,G(z))○∆ where

G0 is of trace class for all z ∈ C2
R(⋅)<R for some R ∈ R>0 and

∀z ∈ C2
∀m,n ∈ N0 ∶ Lp,G(z)(Rn,m) = ∑

ι∈I

αι(z)σd1,ι+δ1z1(m)σd2,ι+δ2z2(n).
Furthermore, let H be a polyhomogeneous operator on T . Then, we define ζ(H,G)
to be the maximal holomorphic extension of z ↦ tr(HG(z)) with open, connected
domain containing C

2
R(⋅)<r for some r ∈ R sufficiently small.

Corollary 4.2. Let H = (id⊗LH) ○∆ and G = (id⊗LG) ○∆ a generalized gauge.
Then,

∀m,n ∈ N0 ∀z ∈ C
2
∶ HG(z)Rn,m = LH (Rn,m)LG(z) (Rn,m) .

Eventually, we are interested in ζ(H,G)(z, z) in a neighborhood of z = 0. How-
ever, with the introduction of a second complex parameter, we can compute the
limit limz→0 ζ(H,G)(z, z) by computing either limz1→0 limz2→0 ζ(H,G)(z1, z2) or
limz2→0 limz1→0 ζ(H,G)(z1, z2) which may be significantly easier. This is possible
since the identity theorem holds for holomorphic functions on Ω ⊆ Cn in the usual
sense, that is, if Ω is open and connected and a holomorphic function f vanishes
in an open subset of Ω, then f = 0. Thus, the ζ-function in multiple variables is
unique. Furthermore, since restricting a generalized gauge to the diagonal yields
a gauge again, it suffices to check gauge independence of the lowest order Laurent
coefficient at zero using gauges parametrized on C.

Lemma 4.3. Let A be an operator on T and G and H gauged polyhomogeneous op-
erators with G(0) = H(0), LG(z) (Rn,m) = σδz(m,n), and LH(z) (Rn,m) = σ̃δz(m,n).
Then, the lowest order Laurent coefficient of ζ(A,G) and ζ(A,H) in zero coincide,
i.e., depend only on A.

Proof. Let l be the order of the lowest order Laurent coefficient of ζ(A,G) and

ζ(A,H). Then, I(z) ∶= G(z)−H(z)
z

is also a gauged polyhomogeneous operator and
the order of the lowest order Laurent coefficient of ζ(A,I) is l. In particular,
z ↦ zlζ(A,I)(z) = zl−1 (ζ(A,G)(z) − ζ(A,H)(z)) is holomorphic in zero, i.e., the
lowest order Laurent coefficients of ζ(A,G) and ζ(A,H) must coincide. �

Thus, we can compute the leading order coefficient of the ζ-regularized heat-trace
on T .

Theorem 4.4. Let ∀m,n ∈ N0 ∀z ∈ C
2
∶ LG(z) (Rn,m) = ∑ι∈I αι(z)nδ1,ιz1mδ2,ιz2

with finite I, G = (id⊗LG) ○∆ such that G(0) = 1, and T the heat-semigroup on T
(generated by ∆T ). Then, the following assertions are true.

(i) max{R(z1)
δ1,ι

,
R(z2)
δ2,ι

; ι ∈ I} < −1 ⇒ ∀t ∈ R≥0 ∶ T (t)G(z1, z2) is of trace class.

(ii) For all t ∈ R>0, we obtain

lim
z2→0

lim
z1→0

ζ(T (t),G)(z1, z2) = −1
2
− ∑

k∈N

(k + 1)e−tk2

and

HtrT ,ζ,G(t) = 1

2
− ∑

k∈N

(k − 1)e−tk2

.

(iii) limt↘0 4πt HtrT ,ζ,G(t) = −2π.
Proof. “(i)” The assertion follows directly from the fact that I is finite and each∣LT (t) (Rn,m)∣ ≤ 1.
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. “(ii)” Setting k ∶= n −m we observe for R(z1) and R(z2) sufficiently small

ζ(T (t),G)(z) = ∑
m∈N

∑
n∈N

∑
ι∈I

αι(z)e−t(n−m)2nδ1,ιz1mδ2,ιz2

= ∑
m∈N

∑
k∈Z>−m

∑
ι∈I

αι(z)e−tk2(m + k)δ1,ιz1mδ2,ιz2

= ∑
m∈N

( 0

∑
k=1−m

+∑
k∈N

)∑
ι∈I

αι(z)e−tk2(m + k)δ1,ιz1mδ2,ιz2 .

Let us consider the ∑0
k=1−m case first. To assist readability, we will notationally

suppress ∑ι∈I αι(z) since I is finite. Then,

∑
m∈N

0

∑
k=1−m

e−tk
2(m + k)δ1,ιz1mδ2,ιz2 = ∑

m∈N

m−1

∑
k=0

e−tk
2(m − k)δ1,ιz1mδ2,ιz2

= ∑
k∈N

0

e−tk
2

∑
m∈N

>k

(m − k)δ1,ιz1mδ2,ιz2

is holomorphic in z1 in a neighborhood of 0 given R(z2) < − 1
δ2,ι

and the limit z1 → 0

yields

lim
z1→0

∑
m∈N

0

∑
k=1−m

e−tk
2(m + k)δ1,ιz1mδ2,ιz2 = ∑

k∈N
0

e−tk
2

∑
m∈N>k

mδ2,ιz2

= ∑
k∈N

0

e−tk
2 (ζR(−δ2,ιz2) − k

∑
m=1

mδ2,ιz2)
which itself has a holomorphic extension in z2 to a neighborhood of 0, i.e.,

lim
z2→0

lim
z1→0

∑
m∈N

0

∑
k=1−m

e−tk
2(m + k)δ1,ιz1mδ2,ιz2 = ∑

k∈N
0

e−tk
2 (ζR(0)− k)

= − ∑
k∈N

0

e−tk
2 2k + 1

2
.

Considering the ∑k∈N term, we still have holomorphy in z1 in a neighborhood of 0
given R(z2) < − 1

δ2,ι
and, thus,

lim
z2→0

lim
z1→0

∑
k∈N

∑
m∈N

e−tk
2(m + k)δ1,ιz1mδ2,ιz2 = lim

z2→0
∑
k∈N

∑
m∈N

e−tk
2

mδ2,ιz2

= lim
z2→0

∑
k∈N

e−tk
2

ζR(−δ2,ιz2)
= −

1

2
∑
k∈N

e−tk
2

.

Hence,

lim
z2→0

lim
z1→0

ζ(T (t),G)(z1, z2) = −1
2
− ∑

k∈N

(k + 1)e−tk2

since ∑ι∈I αι(0) = 1.
Since gauging terms with m = 0 or n = 0 yields the constant function 0, we need

to add these terms again for the heat-trace, i.e.,

HtrT ,ζ,G(t) = −1
2
− ∑

k∈N

(k + 1)e−tk2

+ 1 + 2∑
k∈N

e−tk
2

=
1

2
− ∑

k∈N

(k − 1)e−tk2

.
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. “(iii)” It suffices to consider the −∑k∈N(k + 1)e−tk2

term since the remainder is a
“classical” heat-trace on a 1-dimensional compact manifold without boundary and,

thus, has asymptotics proportional to t−
1
2 for t ↘ 0. We can estimate the series

using the integral comparison test since R>0 ∋ x↦ (x + 1)e−tx2 ∈ R is increasing on

[0,Kt] and decreasing on R≥Kt
where Kt ∶= 1

2

√
2
t
+ 1 − 1

2
.

On [0,Kt], we obtain

⌊Kt⌋−1

∑
k=1

(k + 1)e−tk2

≤
ˆ ⌊Kt⌋

1

(x + 1)e−tx2

dx ≤
⌊Kt⌋

∑
k=2

(k + 1)e−tk2

and

κt ∶=
ˆ ⌊Kt⌋

1

(x + 1)e−tx2

dx =

√
πt erf(√t⌊Kt⌋) − e−t⌊Kt⌋

2

2t
−

√
πt erf(√t) − e−t

2t

where erf denotes the error function (with range [−1,1]). Then, we obtain

⌊Kt⌋

∑
k=1

(k + 1)e−tk2

∈ [κt + 2e−t, κt + (⌊Kt⌋ + 1)e−t⌊Kt⌋
2] .

Similarly, on R≥Kt
, we obtain

∑
k∈N

≥⌊Kt⌋+2

(k + 1)e−tk2

≤
ˆ

R
≥⌊Kt⌋+1

(x + 1)e−tx2

dx ≤ ∑
k∈N

≥⌊Kt⌋+1

(k + 1)e−tk2

and

λt ∶=
ˆ

R
≥⌊Kt⌋+1

(x + 1)e−tx2

dx =
√
π

2
√
t
−

√
πt erf(√t(⌊Kt⌋ + 1)) − e−t(⌊Kt⌋+1)

2

2t

which yields

∑
k∈N

≥⌊Kt⌋+1

(k + 1)e−tk2

∈ [λt, λt + (⌊Kt⌋ + 2)e−t(⌊Kt⌋+1)
2] .

Hence,

∑
k∈N

(k + 1)e−tk2

− κt − λt ∈ [2e−t, (⌊Kt⌋ + 1)e−t⌊Kt⌋
2

+ (⌊Kt⌋ + 2)e−t(⌊Kt⌋+1)
2] .

In order to compute limt↘0 t∑k∈N(k + 1)e−tk2

, we need to study limt↘0

√
t⌊Kt⌋

first. Let ⌊Kt⌋ = n. Then,

n ≤Kt =
1

2

√
2

t
+ 1 −

1

2
< n + 1

implies

2(2n + 3)2 − 1 < t ≤ 2(2n + 1)2 − 1 .
In other words,

⌊Kt⌋ = n ⇒
√
t⌊Kt⌋ ∈ ⎛⎝ n

√
2√(2n + 3)2 − 1 ,

(n + 1)√2√(2n + 1)2 − 1
⎤⎥⎥⎥⎦

which yields

lim
t↘0

√
t⌊Kt⌋ ∈

⎡⎢⎢⎢⎢⎢⎢⎣
lim
n→∞

√
2√

(2n+3)2−1
n2

, lim
n→∞

√
2√

(2n+1)2−1
(n+1)2

⎤⎥⎥⎥⎥⎥⎥⎦
= {1}.
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Finally, this implies

lim
t↘0

tκt = lim
t↘0

√
πt erf(√t⌊Kt⌋) − e−t⌊Kt⌋

2

2
−

√
πt erf(√t) − e−t

2
=
1 − e−1

2

lim
t↘0

tλt = lim
t↘0

√
πt

2
−

√
πt erf(√t(⌊Kt⌋ + 1)) − e−t(⌊Kt⌋+1)

2

2
=
e−1

2
,

i.e.,

lim
t↘0

4πt HtrT ,ζ,G(t) = lim
t↘0
−2πt − 4πt∑

k∈N

(k + 1)e−tk2

= −4π lim
t↘0

tκt + tλt = −2π.

�

Remark This result is very interesting as well, since it says the “heat-invariants”
and “criticality” in section 3 indicate that T is a “quantum manifold” of dimension
2 with “volume” −2π. This stands in stark contrast to the classical background.
The Brownian motion on T is induced by Brownian motion on the circle R/2πZ.

Yet, we do not observe “criticality” −1 and limt↘0

√
4πtHtrT ,ζ,G(t) ∈ R ∖ {0} which

would be expected if Brownian motion in T inherited the properties of Brownian
motion in R/2πZ.

However, there is a way of making sense of these results. T0 can be seen as
the semigroup algebra of the bicyclic semigroup and T as the universal inverse
semigroup C*-algebra of the bicyclic semigroup. In a sense we can view T as the
“generalized Pontryagin type dual” of the bicyclic semigroup which would give rise
to the dimension 2.

∎

5. The discrete Heisenberg group algebras

In this section, we want to consider the ζ-regularized trace and ζ-heat-trace on
the group algebra generated by the discrete Heisenberg groups.

Definition 5.1. Let N ∈ N and Pj , Qj (j ∈ N≤N ), and Z be unitaries satisfying
PiZ = ZPi, QjZ = ZQj, PiPj = PjPi, QiQj = QjQi, PiQj = QjPi for i ≠ j, and
PiQi = ZQiPi.

The discrete Heisenberg group algebra HN of dimension 2N + 1 is the universal

C*-algebra generated by {Rm,n,p ∶= PmQnZp; m,n ∈ ZN , p ∈ Z}. HN carries the
structure of a C*-bialgebra by extending the maps ∆(Rm,n,p) = Rm,n,p⊗Rm,n,p and
ε(Rm,n,p) = 1.
Proposition 5.2. Let H be a Hilbert space, ηPj

, ηQj
be elements of H such that

ηP ∶= (⟨ηPi
, ηPj
⟩)1≤i,j≤N ∈MN(R), ηQ ∶= (⟨ηQi

, ηQj
⟩)1≤i,j≤N ∈MN(R)

and I(⟨ηPi
, ηQj
⟩) is constant over i, j ∈ {1, . . .N} and let λPj

and λQj
be real num-

bers then there exists a unique Gaussian Schürmann triple on the discrete Heisen-
berg group algebra such that

η(Pj) = ηPj
, η(Qj) = ηQj

,

L(Pj −Pj) = 2iλPj
L(Qj −Qj) = 2iλQj

.

Furthermore every Gaussian Schürmann triple on the discrete Heisenberg group
algebra arises this way.

Proof. The method of proof is identical to that of Theorem 2.6.
Given a Gaussian Schürmann triple on HN the commutativity conditions and

the product rule on L give the real constraint on the matrices ηP and ηQ. Note
that for Gaussian cocycles the relation PQ = ZQP implies that η(Z) = 0.
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The constant imaginary constraint, I⟨ηPi
, ηQj
⟩, is a result of the product rule

on L and the identity L(PiQj) = L(ZQjPi) which implies that L(Z) = ⟨ηPi
, ηQj
⟩−⟨ηQj

, ηPi
⟩ for all i, j. �

Corollary 5.3. Every Gaussian generating functional on the discrete Heisenberg
group algebra is of the form

L(PmQnZp) = i(m ⋅ λP + n ⋅ λQ + pλZ) − 1

2
(m n)( ηP ηPQ

ηtPQ ηQ
)(m

n
)

for all m,n ∈ ZN and p ∈ Z where ηPQ ∶= (⟨ηPi
, ηQj
⟩)1≤i,j≤N .

Example Note that the generating functional in the previous Corollary strongly
resembles the exponent of the characteristic function of a multivariate normal dis-
tribution. Furthermore, if λZ = 0 then ηPQ ∈MN(R) and the corresponding Lévy
process can be restricted to the classical 2N -torus via the quotient by the ideal
generated by Z − I.

In this case the vectors λP and λQ dictate the drift in various directions and
the matrices ηP , ηQ and ηPQ give us information of the covariance. The canonical
choice of Brownian motion on a multidimensional object is without drift and should
consist of independent one-dimensional Brownian motions in each direction.

In this scenario, this can be achieved by the choiceH = C2N , ηPi
= ei, ηQj

= eN+j ,
λPi
= λQj

= 0. Thus,

∀µ = (m,n) ∈ Z2N
∀p ∈ Z ∶ L(Rµ,p) = −1

2
∥µ∥2ℓ2(2N) .

∎

This warrants the following definition of polyhomogeneous operators on HN .

Definition 5.4. An operator H ∶= (id⊗L) ○∆ on HN is called polyhomogeneous if
and only if ∃r ∈ R ∃I ⊆ N ∃α ∈ ℓ1(I) ∃d ∈ (C2N+1

R(⋅)<r)I ∀µ ∈ Z2N+1
∶

L(Rµ) = ∑
ι∈I

αιµ
dι

where we assume that each ∑ι∈I αιµ
dι is absolutely convergent.

Similar to the Toeplitz case, we obtain that the spectrum of a polyhomogeneous
operator H is given by the closure of the point spectrum

σp(H) = {L (Rµ) ; µ ∈ Z2N+1}
and we can define gauged polyhomogeneous operators in a similar fashion.

Definition 5.5. Let G be a poly-holomorphic family of operators satisfying

∀z ∈ C ∶ G(z) = (id⊗L(z)) ○∆
such that each {L(z)(Rµ); µ ∈ Z2N+1} is closed and each G(z) is polyhomogeneous
with

∀µ ∈ Z2N+1
∶ L(z)(Rµ) = ∑

ι∈I

αι(z)σdι+δz(µ)
where each αι is holomorphic, σd ∶ R

2N+1 → C is homogeneous of degree d, i.e.,
∀λ ∈ R>0 ∶ σd(λ⋅) = λdσd, and δ ∈ R>0. Then, we call G a gauged polyhomogeneous
operator with index set I.

Furthermore, we call G normally gauged if and only if δ = 1.

We can then show that ζ-functions exist.



ζ-REG. AND THE HEAT-TRACE ON SOME COMPACT QUANTUM SEMIGROUPS 19

Theorem 5.6. Let G be a gauged polyhomogeneous operator with

∀µ ∈ Z2N+1
∶ L(z)(Rµ) = ∑

ι∈I

αι(z)σdι+δz(µ).
Then, G(z) is of trace class if ∀ι ∈ I ∶ R(dι + δz) < −2N − 1 and the ζ-function
ζ(G) defined by meromorphic extension of z ↦ trG(z) has isolated first order poles

in the set {−2N−1−dι

δ
; ι ∈ I}. Furthermore, the lowest order Laurent coefficient is

tracial.

Proof. Consider the torus T ∶= R2N+1/2πZ2N+1. Then, G(z) has the same spectrum
as D(z) ∶= ∑ι∈I αι(z)(i∂)dι+διz where ∂k is the derivative in the kth coordinate
direction. In particular, we obtain thatD(z) is of trace class if all R(dι+δz) < −2N−
1 and since D(z) is a pseudo-differential operator on T , we obtain the assertion
from the established pseudo-differential theory. �

Corollary 5.7. Let G be a gauged differential operator on H
N . Then, I is finite

and all dι ∈ N0. Then, ζ(G) = 0.
Similarly, the heat-trace in HN can be reduced to the heat-trace in R

2N /2πZ2N .

Theorem 5.8. Let T be the heat-semigroup on HN , S the heat-semigroup on
R

2N /2πZ2N , and G a gauged polyhomogeneous operator on HN with G(0) = 1.
Then, the ζ-regularized heat-trace HtrH

N
,ζ,G on HN satisfies

HtrH
N
,ζ,G(t) = ζ(T (t),G)(0) = − trS(t).

In particular, the kth heat coefficient Ak(HN) of HN is −Ak(R2N /2πZ2N) where
Ak(R2N /2πZ2N) is the kth heat coefficient of R2N /2πZ2N .

Proof. Using the same argument as in Lemma 4.3, we obtain gauge indepen-
dence of ζ(T (t),G)(0) and can choose δ′, δ′′ ∈ R>0 such that ∀µ ∈ Z2N

∀p ∈ Z ∶
LG(z)(Rµ,p) = ∥µ∥δ′zℓ2(2N)

∣p∣δ′′z. Hence, there exists a gauged polyhomogeneous op-

erator H on R
2N /2πZ2N with H(0) = 1 such that

trT (t)G(z) = ∑
p∈Z

∑
µ∈Z2N

e
−t∥µ∥2ℓ2(2N) ∥µ∥δ′zℓ2(2N)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
gauged trace of S(t)

∣p∣δ′′z

=2 tr(S(t)H(z))∑
p∈N

∣p∣δ′′z
=2ζR(−δ′′z) trS(t)H(z)

where ζR is the Riemann ζ-function, i.e., ζR(0) = − 1
2
. �

6. The discrete Heisenberg group algebras with Z ∈ C

In section 5 we considered HN as generated by the Pi, Qj , and Z. However, if
Z ∈ C, then Z is not a generator and we obtain the “reduced” algebra H

r
N . Thus, Hr

N

has the generators {PmQn; m,n ∈ Z} and we obtain the following two theorems.

Theorem 6.1. Let G be a gauged polyhomogeneous operator with

∀µ ∈ Z2N
∶ L(z)((P,Q)µ) =∑

ι∈I

αι(z)σdι+δz(µ).
Then, G(z) is of trace class if ∀ι ∈ I ∶ R(dι + δz) < −2N and the ζ-function ζ(G)
defined by meromorphic extension of z ↦ trG(z) has isolated first order poles in

the set {−2N−dι

δ
; ι ∈ I}. Furthermore, the lowest order Laurent coefficient is tracial.
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Theorem 6.2. Let T be the heat-semigroup on H
r
N and S the heat-semigroup on

R
2N /2πZ2N . Then, ∀t ∈ R>0 ∶ T (t) is of trace class and

HtrHr
N
(t) = trT (t) = trS(t).

In particular, the kth heat coefficient Ak(Hr
N) of H

r
N coincides with the kth heat

coefficient Ak(R2N /2πZ2N) of R2N /2πZ2N .

Remark These results do not come as a surprise, since H
r
1 is the non-commutative

2-torus Aϑ generated by two unitaries U and V satisfying UV = e−2πiϑV U where
ϑ ∈ R. As such the family (Aϑ)ϑ∈R is a fundamental class of examples of non-
commutative spaces generalizing the algebra of continuous functions on the 2-torus;
a property recovered by the Brownian motion approach to the heat-trace.

∎

7. The non-commutative torus

Having observed the non-commutative 2-torus as a special case of the discrete
Heisenberg group, we want to continue studying more general non-commutative
tori. This will also give us a direct means of comparison with the classical heat-trace
approach on the non-commutative torus T

n
ϑ as studied in [4, 29]. There, too, the

heat-trace recovered the dimension of the underlying torus, i.e., the commutative
case T

n
0 = R

n/2πZn.
Let us first recall the usual construction of the non-commutative torus. Given a

real symmetric N ×N matrix ϑ and unitaries Uk with k ∈ ZN , U0 = 1, and

∀m,n ∈ ZN
∶ UmUn = e−πi⟨m,ϑn⟩ℓ2(N)Um+n,

we consider the algebra Aϑ ∶= {∑k∈ZN akUk; a ∈ S(ZN )} where S denotes the
Schwartz space. Then, it is possible to define a corresponding algebra of pseudo-
differential operators which has been extensively studied in [29]. The for us inter-

esting operator is the Laplace ∆ϑ ∶= ∑
N
j=1 ∂

2
j where ∂j ∑k∈ZN akUk ∶= ∑k∈ZN kjakUk.

Since we need our algebra to be a C*-bialgebra, we consider the C*-algebra
AN

ϑ generated by the Uk (k ∈ ZN ) as well as a finite set of additional (unitary)
generators {Zτ ; τ ∈ T} (T ∈ N), and set ε(Uk) = ε(Zτ) = 1, ∆(Uk) = Uk ⊗ Uk,
and ∆(Zτ) = Zτ ⊗ Zτ . The Zτ are a generalized version of the e−πiϑk,l which
we consider to be generators as well (for now). Thus, the Laplacian ∆ϑ has the
generating functional L which satisfies

∀p ∈ ZT
∀k ∈ ZN

∶ L∆ϑ
(ZpUk) = − ∥k∥2ℓ2(N) .

This follows from ∆ϑ∑k∈ZN akUk = ∑k∈ZN ∑N
j=1 k

2
jakUk and is consistent with the

Brownian motion approach (cf. example below Definition 5.1). In particular, we
obtain similar results to the Heisenberg group algebra case.

Theorem 7.1. Let G be a gauged polyhomogeneous operator on AN
ϑ with

∀p ∈ ZT
∀k ∈ ZN

∶ L(z)(ZpUk) = ∑
ι∈I

αι(z)σdι+δz((p, k)).
Then, G(z) is of trace class if ∀ι ∈ I ∶ R(dι+δz) < −N −T and the ζ-function ζ(G)
defined by meromorphic extension of z ↦ trG(z) has isolated first order poles in the

set {−N−T−dι

δ
; ι ∈ I}. Furthermore, the lowest order Laurent coefficient is tracial.

Corollary 7.2. Let G be a gauged differential operator on AN
ϑ . Then, I is finite

and all dι ∈ N0. Then, ζ(G) = 0.
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Theorem 7.3. Let T be the heat-semigroup on AN
ϑ , S the heat-semigroup on

R
N /2πZN , and G a gauged polyhomogeneous operator on AN

ϑ with G(0) = 1. Then,
the ζ-regularized heat-trace HtrAN

ϑ
,ζ,G on AN

ϑ satisfies

HtrAN
ϑ
,ζ,G(t) = ζ(T (t),G)(0) = (−1)T trS(t).

In particular, the kth heat coefficient Ak(AN
ϑ ) of AN

ϑ is (−1)TAk(RN /2πZN) where
Ak(RN /2πZN) is the kth heat coefficient of RN /2πZN .

Similarly, for AN
ϑ , i.e., the case Z ∈ CT , we obtain the following analogous theo-

rems.

Theorem 7.4. Let G be a gauged polyhomogeneous operator on AN
ϑ with

∀k ∈ ZN
∶ L(z)(Uk) = ∑

ι∈I

αι(z)σdι+δz(k).
Then, G(z) is of trace class if ∀ι ∈ I ∶ R(dι + δz) < −N and the ζ-function ζ(G)
defined by meromorphic extension of z ↦ trG(z) has isolated first order poles in

the set {−N−dι

δ
; ι ∈ I}. Furthermore, the lowest order Laurent coefficient is tracial.

Corollary 7.5. Let G be a gauged differential operator on AN
ϑ . Then, I is finite

and all dι ∈ N0. Then, ζ(G) = 0.
Theorem 7.6. Let T be the heat-semigroup on AN

ϑ and S the heat-semigroup on

R
N /2πZN . Then, ∀t ∈ R>0 ∶ T (t) is of trace class and

HtrAN
ϑ
(t) = trT (t) = trS(t).

In particular, the kth heat coefficient Ak(AN
ϑ ) of AN

ϑ coincides with the kth heat
coefficient Ak(RN /2πZN) of RN /2πZN .

8. Gaussian invariants of SUq(2)
Finally, we want to have a look at the quantum group SUq(2). This case is

particularly interesting since there is a canonical choice of Brownian motion for the
classical case SU1(2) = SU(2) but not necessarily for SUq(2) for q ≠ 1. There is
a unique driftless Gaussian (up to time scaling) on each SUq(2) for q ≠ 1 which
we will treat as the heat-semigroup even though it can not be the heat-semigroup
on SU(2). This will allow us to compute a ζ-regularized trace and recover that
SUq(2) is 3-dimensional.

We will begin with a quick summary of Section 6.2 of [47]. In order to construct
SUq(2), let us start with the compact Lie group

SU(2) ∶= {gα,γ ∶= (α −γ∗

γ α∗
) ∈ B (C2) ; α,γ ∈ C, detgα,γ = 1}

and define a, c ∈ C(SU(2)) by a(gα,γ) ∶= α and c(gα,γ) = γ. Then, the C*-algebra
generated by a and c subject to a∗a + c∗c = 1 is a C*-algebraic compact quantum
group with co-multiplication ∆ given by

∆(a) = a⊗ a + c⊗ c and ∆(c) = c⊗ a + a∗ ⊗ c,
co-unit ε(a) = 1, ε(c) = 0, and antipode S(a) = a∗, S(a∗) = a, S(c) = −c, and
S(c∗) = −c∗.
Definition 8.1. Let q ∈ [−1,1] ∖ {0}. Then, we define SUq(2) to be the universal
unital C*-algebra generated by elements a and c subject to the condition that

u ∶= (a −qc∗

c a∗
)

is unitary, i.e.,
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(i) a∗a + c∗c = 1
(ii) aa∗ + q2c∗c = 1
(iii) c∗c = cc∗

(iv) ac = qca
(v) ac∗ = qc∗a

Furthermore, SUq(2) is endowed with the co-unit ε given by ε(a) = 1 and ε(c) = 0,
and co-multiplication given by

∆(a) = a⊗ a − qc∗ ⊗ c and ∆(c) = c⊗ a + a∗ ⊗ c.
If we let SU0

q (2) ⊆ SUq(2) denote the *-subalgebra generated by a and c and ∆0

and ε0 the co-multiplication ∆ and co-unit ε restricted to this *-subalgebra then(SU0
q (2),∆0, ε0) = (SUq(2),∆, ε)0 is the associated algebraic compact quantum

group to (SUq(2),∆, ε).
Furthermore, the family (akmn)(k,m,n)∈Z×N

0
×N

0
defined as

ak,m,n ∶=
⎧⎪⎪⎨⎪⎪⎩
ak(c∗)mcn , k ∈ N0(a∗)−k(c∗)mcn , k ∈ −N

is a basis of SU0
q (2).

The Gaussian generating functionals on SUq(2) for ∣q∣ ∈ (0,1) are classified
in [43]. For the quantum group we have a family of characters εϕ ∶ SUq(2)→ C for
such that

εϕ(a) = eiϕ and εϕ(c) = 0.
This family of characters is pointwise continuous with respect to ϕ and satisfies
ε0 = ε. On the basis {akmn; (k,m,n) ∈ Z × N0 × N0} of the dense subalgebra we
have that εϕ(akmn) = eikϕδm+n,0 for ϕ ∈ R.

We will define linear functionals ε′(akmn) = ∂ϕεϕ(akmn)∣ϕ=0 = ikδm+n,0 and
ε′′(akmn) = ∂2ϕεϕ(akmn)∣ϕ=0 = −k2δm+n,0.
Proposition 8.2. All Gaussian generating functionals are of the form

L = rDε′ + rε′′

where rD ∈ R and r ∈ R>0.

By the definition of drift, the parameter rD contributes only to drift so we will
only consider rD = 0. This leaves only positive multiples of ε′′.

Proposition 8.3. The operator TL ∶= (id⊗ε′′) ○∆ ∶ SUq(2) → SUq(2) takes the
following values on {akmn; (k,m,n) ∈ Z ×N0 ×N0}

TL(akmn) = −(k −m + n)2akmn.

Proof. First note that

∆(akmn) = (a⊗ a − qc∗ ⊗ c)k(c∗ ⊗ a∗ + a⊗ c∗)m(c⊗ a + a∗ ⊗ c)n
for all (k,m,n) ∈ Z ×N0 ×N0 and, using the commutation rules, we can simplify so
that

aka∗man = ak−m+n + terms with c.

Then, by applying ε′′ to the right leg of the tensor product, we observe that the
only non-zero term is given by ak−m+n, i.e.,

TL(akmn) = akc∗mcnǫ′′(aka∗man) = −(k −m + n)2akmn.

for all (k,m,n) ∈ Z ×N0 ×N0. �
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Corollary 8.4. Let G be a gauged polyhomogeneous operator with

∀(k,m,n) ∈ Z ×N0 ×N0 ∶ G(z)(akmn) = ∑
ι∈I

αι(z)σdι+δz((k,m,n))akmn.

Then, G(z) is of trace class if ∀ι ∈ I ∶ R(dι + δz) < −3 and the ζ-function ζ(G)
defined by meromorphic extension of z ↦ trG(z) has at most isolated first order

poles in the set {−3−dι

δ
; ι ∈ I}. Furthermore, the lowest order Laurent coefficient is

tracial.

Proof. This, again, follows directly from the fact that the spectrum of G(z) and

∑ι∈I αι(z)σdι+δz ((i∂1, ∣∂2 ∣
2
,
∣∂3 ∣
2
)) on R

3/2πZ3 coincide. �

Now taking the operator exponentiation we see that the operator semigroup
T (t) ∶ SUq(2)→ SUq(2) associated with rε′′ is given by

T (t)(akmn) = e−rt(k−m+n)2akmn

on the basis {akmn; (k,m,n) ∈ Z×N0×N0}. It is important to note that this is not
the heat-semigroup on SU(2). Since SU(2) is a compact Riemannian C∞-manifold
without boundary, its heat-semigroup is a semigroup of trace class operators but
each T (t) above has multiplicity ℵ0 for each of its eigenvalues. In other words, none
of the T (t) is compact.

Theorem 8.5. Let T be a driftless Gaussian semigroup on SUq(2), i.e.,

∀(k,m,n) ∈ Z ×N2
0 ∀t ∈ R>0 ∶ T (t)(akmn) = e−rt(k−m+n)2akmn,

and (Gt(z))z∈C3 a holomorphic family of operators on SUq(2) satisfying

Gt(z)akmn = e−rt(k+m−n)
2 ∣k∣δ1z1 mδ2z2nδ3z3

for all z ∈ C3, (k,m,n) ∈ Z ×N0 ×N0, and t ∈ R>0, where δ1, δ2, δ3 ∈ R>0. Then,

trζ(T (t)) =ζ(Gt)(0) = 1

12
+
13

12
∑
k∈N

e−rtk
2

+
13

12
∑
k∈N

ke−rtk
2

− ∑
k∈N

k2e−rtk
2

and

lim
t↘0
(4πt) 3

2 trζ(T (t)) = −2π2r−
3
2 .

Proof. In order to show

trζ(T (t)) = ζ(Gt)(0) = 1

12
+
13

12
∑
k∈N

e−rtk
2

+
13

12
∑
k∈N

ke−rtk
2

− ∑
k∈N

k2e−rtk
2

,

we need to compute the limit z → 0 of

∑
k∈Z

∑
m∈N

∑
n∈N

e−rt(k−m+n)
2 ∣k∣δ1z1 mδ2z2nδ3z3

which we can alternatively write as

∑
k∈Z

e−rtk
2 ∣k∣δ1z1 ∑

m∈N

∑
n∈N

e−rt(n−m)
2

e−2rtk(n−m)mδ2z2nδ3z3 .

The inner two series are very similar to the heat-trace on the Toeplitz algebra -
there is simply an additional factor e−2rtk(n−m) now. Hence, we will treat these
series in a similar fashion.

∑
m∈N

∑
n∈N

e−rt(n−m)
2

e−2rtk(n−m)mδ2z2nδ3z3 = ∑
m∈N

∑
ℓ∈Z>−m

e−rtℓ
2

e−2rtkℓmδ2z2(m + ℓ)δ3z3
which allows us to change gauge with respect to z3 to obtain for R(z2)≪ 0 and we
obtain

∑
m∈N

∑
ℓ∈Z>−m

e−rtℓ
2

e−2rtkℓmδ2z2 ∣ℓ∣δ3z3 .
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Let

A ∶= ∑
m∈N

0

∑
ℓ=1−m

e−rtℓ
2

e−2rtkℓmδ2z2 ∣ℓ∣δ3z3
and

B ∶= ∑
m∈N

∑
ℓ∈N

e−rtℓ
2

e−2rtkℓmδ2z2 ∣ℓ∣δ3z3 .
Then, we obtain

lim
z2→0

A = lim
z2→0

∑
m∈N

m−1

∑
ℓ=0

e−rtℓ
2

e2rtkℓmδ2z2ℓδ3z3

= lim
z2→0

∑
ℓ∈N

0

∑
m∈N

>ℓ

e−rtℓ
2

e2rtkℓmδ2z2ℓδ3z3

= lim
z2→0

∑
ℓ∈N

0

e−rtℓ
2

e2rtkℓ (ζR(−δ2z2) − ℓ

∑
m=1

mδ2z2) ℓδ3z3
= −

1

2
∑
ℓ∈N

0

e−rtℓ
2

e2rtkℓ (2ℓ + 1) ℓδ3z3
and

lim
z2→0

B = ∑
m∈N

∑
ℓ∈N

e−rtℓ
2

e−2rtkℓmδ2z2ℓδ3z3 = −
1

2
∑
ℓ∈N

e−rtℓ
2

e−2rtkℓℓδ3z3 .

Hence, we are looking to compute

lim
z3→0

lim
z1→0

∑
k∈Z

e−rtk
2 ∣k∣δ1z1 (−1

2
−
1

2
∑
ℓ∈N

e−rtℓ
2

ℓδ3z3 ((2ℓ + 1)e2rtkℓ + e−2rtkℓ)) .
Using

∑
k∈Z

e−rtk
2
±2rtkℓ = 1 + ∑

k∈N

e−rtk
2
+2rtkℓ

+ ∑
k∈N

e−rtk
2
−2rtkℓ,

we are looking for the limit z1, z3 → 0 of

− ∑
k∈N

e−rtk
2

kδ1z1

−
1

2
∑

k,ℓ∈N

e−rt(k−ℓ)
2(2ℓ + 1)kδ1z1ℓδ3z3 − 1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2(2ℓ + 1)kδ1z1ℓδ3z3

−
1

2
∑

k,ℓ∈N

e−rt(k−ℓ)
2

kδ1z1ℓδ3z3 −
1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2

kδ1z1ℓδ3z3

which, in parts, we already know in terms of HtrT ,ζ(t) = − 1
2
−∑k∈N(k+1)e−tk2

, the
heat-trace on the Toeplitz algebra. Thus,

ζ(Gt)(0) = − ∑
k∈N

e−rtk
2

−
1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2(2ℓ + 1) − 1

2
HtrT ,ζ(rt) − 1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2

−
1

2
lim

z1,z3→0
∑

k,ℓ∈N

e−rt(k−ℓ)
2(2ℓ + 1)kδ1z1ℓδ3z3

= − ∑
k∈N

e−rtk
2

−
1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2(2ℓ + 1) −HtrT ,ζ(rt) − 1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2

− lim
z1,z3→0

∑
k,ℓ∈N

e−rt(k−ℓ)
2

kδ1z1ℓ1+δ3z3

= − ∑
k∈N

e−rtk
2

−
1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2(2ℓ + 1) −HtrT ,ζ(rt) − 1

2
∑

k,ℓ∈N

e−rt(k+ℓ)
2
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− ζR(−1)∑
k∈N

e−rtk
2

− ζR(−1) + ζR(0)+ (1
2
− ζR(−1))∑

k∈N

ke−rtk
2

−
1

2
∑
k∈N

k2e−rtk
2

=
1

12
+

1

12
∑
k∈N

e−rtk
2

+
19

12
∑
k∈N

ke−rtk
2

−
1

2
∑
k∈N

k2e−rtk
2

− ∑
k,ℓ∈N

e−rt(k+ℓ)
2

ℓ − ∑
k,ℓ∈N

e−rt(k+ℓ)
2

where we computed the final limit in the same way the limit in the proof of Theo-
rem 4.4. Finally, the latter two series can be reduced to the former three; namely,

∑
k,ℓ∈N

e−rt(k+ℓ)
2

=∑
ℓ∈N

∑
m∈N

>ℓ

e−rtm
2

= ∑
m∈N≥2

m−1

∑
ℓ=1

e−rtm
2

= ∑
m∈N

me−rtm
2

− ∑
m∈N

e−rtm
2

and

∑
k,ℓ∈N

e−rt(k+ℓ)
2

ℓ = ∑
m∈N≥2

m−1

∑
ℓ=1

e−rtm
2

ℓ =
1

2
∑
m∈N

m2e−rtm
2

−
1

2
∑
m∈N

me−rtm
2

.

Hence, we obtain

ζ(Gt)(0) = 1

12
+
13

12
∑
k∈N

e−rtk
2

+
13

12
∑
k∈N

ke−rtk
2

− ∑
k∈N

k2e−rtk
2

.

To obtain the asymptotics with respect to t ↘ 0, we shall approximate each
series using the integral comparison test again which yields

lim
t↘0

√
4πt∑

k∈N

e−rtk
2

=
π√
r
,

lim
t↘0

4πt∑
k∈N

ke−rtk
2

=
2π

r
,

and

lim
t↘0
(4πt) 3

2 ∑
k∈N

k2e−rtk
2

=
2π2

r
3
2

.

In other words,

lim
t↘0
(4πt) 3

2 trζ(T (t)) = −2π2

r
3
2

.

�

Remark Recall that we have not been computing “heat-invariants” in Theorem 8.5
since there is no Brownian motion on SUq(2). Thus, we cannot interpret SUq(2)
as a “quantum manifold” of volume −2π2r−

3
2 . However, the driftless Gaussians that

we still have at our disposal recovered the pole order 3
2

for t ↘ 0 which is the
expected result since SU(2) is isomorphic to the (real) 3-sphere. In other words,
we can interpret SUq(2) as a three-dimensional “quantum manifold” which gives
the correct limit at q = 1. This stands in contrast to Connes’ observation [6] that
the Hochschild dimension of SUq(2) drops from 3 (q = 1) to 1 (q ≠ 1). However, it
is consistent with Hadfield’s and Krähmer’s results [21,22] that SUq(2) is a twisted
3-dimensional Calabi-Yau algebra.

∎
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9. Conclusion

We have considered driftless Gaussians, in particular Brownian motion, on a
number of C*-bialgebras to define Laplace-type operators and heat-semigroups.
We spectrally regularized their traces using operator ζ-functions and computed
quantities like criticality and heat-coefficients. We noticed that the notion of di-
mension obtained from the critical degree of homogeneity need not coincide with
the dimension obtained from the heat-trace. In particular, having an abstract twist
structure is seen in the dimension obtained from criticality but not in the heat-
trace. Thus, the “criticality dimension” seems (somewhat unsurprisingly) to be
related to the algebraic properties of the algebra whereas the “heat-trace dimen-
sion” (being induced by the dynamics of Brownian motion) seems to be related to
geometric/analytic properties of the algebra. This is particularly obvious in the
case of twisted classical structures where the “heat-trace dimension” coincides with
the classical dimension which is not the case for the “criticality dimension” which
also counts the number of abstract twists (as these are generators of the algebra as
well). In the SUq(2) case, we observed the additional obstruction that there is no
Brownian motion and we had to make do with the projectively unique generator of
a driftless Gaussian as our version of a “Laplacian” (whose SU(2) version does not
have compact resolvent). Still, we were able to recover 3-dimensionality using the
“Gauss-trace” and criticality.

In terms of the “heat-coefficients”, the leading order coefficient can hardly be
interpreted as a volume since many of them are negative. On the other hand, we
observed that the “heat-coefficients” can be used to differentiate between different
algebras (e.g., the Toeplitz algebra and the discrete Heisenberg group algebra H1

have different “heat-coefficients”). However, it is not possible to “hear the shape
of a quantum drum” using these “heat-coefficients” alone as we have observed that
the “heat-coefficients” of HN and AN

ϑ with complex twists coincide with the heat-
coefficients of classical tori.
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