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Abstract— For a multiple-input single-output (MISO) down-
link channel with � transmit antennas, it has been recently
proved that zero-forcing beamforming (ZFBF) to a subset of
(at most) � “semi-orthogonal” users is optimal in terms of the
sum-rate, asymptotically with the number of users. However,
determining the subset of users for transmission is a complex
optimization problem. Adopting the ZFBF schemein a cooper-
ative multi-cell scenario renders the selectionprocesseven more
difficult sincemore usersare involved. In this paper, we consider
a multi-cell cooperative ZFBF schemecombined with a simple
sub-optimal users selection procedure for the Wyner downlink
channel setup.According to this sub-optimal procedure, the user
with the “best” local channel is selected for transmission in
each cell. It is shown that under an overall power constraint,
a distrib uted multi-cell ZFBF to this sub-optimal subsetof users
achieves the same sum-rate growth rate as an optimal scheme
deploying joint multi-cell dirty-paper coding (DPC) techniques,
asymptotically with the number of users per cell. Mor eover, the
overall power constraint is shown to ensure in probability, equal
per-cell power constraints when the number of users per-cell
increases.

I . INTRODUCTION

Thegrowing demandfor ubiquitousaccessto high-datarate
services,hasproduceda hugeamountof researchanalyzing
theperformanceof wirelesscommunicationssystems.Cellular
systemsareof major interestasthemostcommonmethodfor
providing continuousservicesto mobile users,in both indoor
andoutdoorenvironments.In particular, theuseof joint multi-
cell processinghasbeenidentifiedasa key tool for enhancing
systemperformance(see[1] andreferencesthereinfor a short
survey of recentresultson multi-cell processing).

Most of the works on the downlink channelof cellular
systemsdealwith a single-cellsetup.Referencesthatconsider
multi-cell scenarios(e.g. [2][3][4]) tend to adopt complex
multi-cell systemmodels which render analytical treatment
extremelyhard(if not, impossible).Indeed,mostof theresults
reportedin theseworks are derived via intensive numerical
calculationswhichprovide little insightinto thebehavior of the
systemperformanceas a function of variouskey parameters.
Themaingoalof this paperis to presentandanalyzeefficient,
sub-optimalschedulingschemesfor the downlink channelof
multi-cell systems.An emphasisis put on deriving analytical
resultswhich provide insight into the role of key parameters
on systemperformance.To achieve this goal a simplecellular
model based on a model presentedby Wyner in [5] is
considered.According to this model (depictedin Fig. 1 with
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Fig. 1. Wyner’s circular arraysystemmodel.

four cells) the cells are placed on a circle and each users
“sees”only threecell-siteantennas.In addition,the path loss
is modelledby a single parameter�
	�� ������ . Although this
modelis hardlyrealisticit encompassestheessenceof real-life
systemparameterssuchas fadingand inter-cell interference.

The downlink channelof a similar modelwasfirst adopted
in [6] wereLQ factorization(forcing an arbitrarysub-optimal
encoding order) combined with joint multi-cell dirty-paper
coding (DPC) is deployed. The attainablesum-ratesunder
an overall power constraintand in the presenceof Rayleigh
flat fading,areshown via numericalcalculations,to approach
those of the optimal DPC scheme(with optimal encoding
order) at the high SNR region. Recently, boundsto the sum-
ratecapacitysupportedby thedownlink of thismodelhasbeen
reportedin [7] underequalper-cell power constraintsin the
presenceof Rayleighflat fading.To achieve thesesrates,DPC
techniquesaredeployed[8]. Unfortunately, DPCis difficult to
implementin practicalsystemsdueto the high computational
burdenof thesuccessive encodinginvolved,in particularwhen
the number of users is large. Therefore,a searchfor sub-
optimal broadcastschemesis the focal point of many works.
It is evident that for multi-cell processingwhen more users
are involved this problemaggravates.Recentlya zero-forcing
beamforming(ZFBF)schemehasbeenconsideredin [9] for an�

antennasMISO downlink setupundersumpowerconstraint
(seealso[10]). In this sub-optimalscheme,thesetof (at most)�

semi-orthogonalusersto be served is selectedso as to
maximizethe sum-rate,and independentcoding is employed
for each selecteduser. However, determiningthe subsetof
usersfor transmissionis a complex optimizationproblem.

In this paper, we considerZFBF for the downlink of a



Wyner circular setup,with simple scheduling.According to
this scheme,in each cell the user with the “best” local
channel(the channelfrom the local cell-site) is scheduledfor
transmissionby meansof cooperative multi-cell beamforming.
The main resultsreportedin this work includea closedform
expressionfor the per-cell sum-rateof the proposedscheme
in the absenceof fading.It is proved that this rateis achieved
under both overall, and equal per-cell power constraints.In
addition, it is shown that ZFBF schemeis superior to a
simpleinter-cell time sharing(ICTS) schemewhentheSNRis
above a certainthreshold,which decreaseswith the inter-cell
interference� . IntroducingRayleighfading,the per-cell sum-
rate of ZFBF is proved to experiencethe samegrowth rate
as the optimal DPC schemeasymptoticallywith the number
of usersper-cell � under sum-power constraint.Finally, it
is verified that the schemesatisfiesin probability the more
suitableequal per-cell power constraints asymptoticallywith
increasing� .

I I . SYSTEM MODEL

Consider a circular variant of the infinite linear Wyner
model [5] depictedin Fig. 1, in which

�����
cells with �

userseach,arearrangedon a circle. Assuminga synchronous
intra-cellTDMA scheme,accordingto which only oneuseris
selectedfor transmissionper-cell, the

��� � vectorbaseband
representationof the signalsreceived by the selected usersis
given for an arbitrary time index by��� �"!$#�%'& � (1)

where # is the
�(� � complex Gaussiansymbols vector#*),+.-0/21 �436587 , ! is the beamforming

�9�:�
matrix,& is the

�;� � complex Gaussianadditive noise vector&,)<+.-�/=1 �236587 , and � is the
�9�>�

channel transfer
matrix, given by
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where �]	^� ������ is the inter-cell interferencefactor, rep-
resentingthe geometricalpath losses.In addition, C`_ , K _
and F _ are the independentflat fading coefficients of the
signalstransmittedby the a ’ th, b/ adce�Q7 ’ th1 and b/ a % �f7 ’ th
cell-sites respectively, and received by the selected user of
the a ’ th cell. Ergodic block fading processesare assumed
wherethe fadevaluesremainconstantduring the TDMA slot
duration.Eachof the

� � users,perfectly measuresits own
fadecoefficients g C`_ih j �2K _ih j �2F _kh jQl , which arefed backto the
multi-cell transmittervia an ideal delaylessfeedbackchannel.
Moreover, no usercooperationis allowed.

1 mnVo�p n mod q8r2s

A joint multi-cell ZFBF schemeis utilized, whosebeam-
forming matrix for an arbitraryTDMA slot is given by!t�vuwwx �zy{}|�~ /=���"� 7 U M2� � U M � (3)

where
�zy

is the overall averagetransmitpower constraint,
which is ensuredby definition2. Substituting(3) into (1), the
received signalvector reducesto��� uwwx �zy{�| ~ /=��� � 7 U M � #�%'& � (4)

and single user encoding-decodingschemeswith long code
words lasting over many symbols(and many fading blocks)
areused.Since(4) canbe interpretedasa setof

�
identical

independentparallel single userchannels,its ergodic achiev-
ablesum-rateper-channel(or cell) is given by3���4� �I� � ���� ��� �f� @B � % �"y{�|X~ /���� � 7 U M4� Y\"� �� � (5)

wherethe expectationis taken over the entriesof � .
Althoughasum-powerconstraintis assumed,amorenatural

choice for a cellular system is to maintain per-cell power
constraints.Hence,we areinterestedin the transmittedpower
of an arbitrary cell, which is averaged over the TDMA
time slot duration (many symbols)and is a function of the
realizationof � ,y _ � � !$!�� � _ih _ � �zy�� /���� � 7 U M4� _ih _{�|X~ /���� � 7 U M4� � (6)

The above discussionholds for any ZFBF schemewith:
sum-power constraint,no further power allocationvia “water-
filling”, and an arbitrary selectionof

�
users(one in each

cell). Next, we presentsimpleschedulingfor both non-fading
and Rayleighfading setups.The next Sectionprovides some
backgroundregarding related results derived for the Wyner
downlink channel.Thesesresultsare usedas a referencefor
evaluatingthe performanceof the proposedZFBF scheme.

I I I . BACKGROUND

For a similar modelbut with capacityachieving joint multi-
cell DPCscheme,thedownlink ergodicsum-ratecapacityper-
cell with a per-cell equal power constraint

y
, was recently

proved in [7] for a non fadingsetup,to be�V����� U�� � �5X �¡�¢ MD � �Q�¤£ � % y / � % � �8¥ �`¦ / �I§E¨ 7}7 Pª©¬« ¨ � (7)

and for a Rayleigh fading setup with many users per-cell
(�*t� ) to be boundedby� �f�$® � % / � % � � P 7¯ y /}/ �kc±°²7 � �Q� � % ¯ 7�³�´� ����� ´ � �Q�¤£ � %:/ � % � � P 7 y � �f� � © � (8)

2Later on it is arguedthat undercertainconditionsthis schemesatisfiesan
equalper-cell averagepower constraintsaswell.

3A naturallogarithmic baseis usedthroughoutthis work.



for some°¶µ·  �¡  .
As a reference,and assumingthe systemincludesan even

numberof cells, an inter-cell time sharing (ICTS) schedul-
ing, accordingto which odd and even cells are transmitting
alternatelyin time, is used.This simplescheme(presentedin
[11] for the uplink channel)requiresonly limited cooperation
betweencells, and deploys single-userencoding decoding
schemes.Since for eachtime slot only odd or even indexed
cells are transmitting, and the model assumesinterference
from the two adjacentcells only, inter-cell interferenceis
avoided and the schemedemonstratesa non interference
limited behavior. It is easilyverifiedthattheachievableergodic
sum-rateper-cell for a non-fadingsetupis given by�¹¸ º �=» U�� � � �� � �Q� / � % ��y 7 � (9)

and for a Raleigh fading setup is well approximated(for a
large numberof usersper cell �*t� ) by� ¸ º �=» )� �� � �f� / � % �Iy � �Q� �:7 � (10)

The latter rate is achieved by schedulingin eachactive cell,
the userwith the “best” channelfor transmission.

IV. SUM-RATE ANALYSIS

A. Non-Fading Setup

For non-fading channels,a round-robinschedulingis de-
ployed and thereis no needto feed back the channelcoeffi-
cientssinceC _ih j � K _ih j � F _ih j � �i�2¼½ae�W¾ . Hence,for each
time slot, the channeltransfermatrix (2) becomescirculant
with / ���¿�À���� �J�J� ��¿�Á7 as first row, and the following
propositionholds.

Proposition 1 The average per-cell sum-rate of the ZFBF
scheme is given for, �>Â0��Ã � , by���4� ��� U�� � �5X �¡ � �Q� / � %�ÄÅ/ �Á7 y 7 (11)

where ÄÅ/ �Æ7ÈÇ �É MD / � % � �8¥ �E¦ / ��§E¨ 7}7 UWP « ¨ � (12)

This rate holds for an overall power constraint
�"y

, and for
an equal per-cell power constraints

y
.

Proof: SeeAppendixA.
It is easily verified that ÊÂ ÄÅ/ �Á7$´<� and that it is a

decreasingfunction of the interferencefactor � . Comparing
(9) to (11), it is clearthat the ZFBF schemeis superiorto the
ICTS schemewhenthe SNR

y
is above a certainthresholdy � / �Æ7 � � / �kc ÄÅ/ �Á7}7/ËÄÅ/ �Á7}7 P (13)

which is an increasingfunction of � . It is notedthat for � ��SÃ � the circulant channeltransfermatrix � is singular and
channelinversionmethodssuchas ZFBF are not applicable.
Moreover, � is not guaranteedto benon-singularfor � �  � Ì
andany finite numberof cells

�
. Thecaseof finite andinfinite�

for � �  � Ì is treatedin [12].

B. Rayleigh Fading Setup

For the Rayleigh fading setup,for each fading block (or
TDMA slot) the multi-cell processorselectsthe userwith the
“best” local channelfor transmissionin eachcell. In other
words,the selecteduserin the a ’ th cell isÍ¾ / aÎ7 ��Ï | �`Ð Ï�Ñj gfÒ C._ih j Ò P l � (14)

where g C _ih j l ·jJÓ M are the fadingcoefficientsof the a ’ th cell
transmittedsignalsasthey arereceivedby the a ’ th cell users.

The resulting channeltransfermatrix of this sub-optimal
scheduling � defined in (1), consistsof diagonal entriesC`_ � C _ih Ôj[Õ _ÆÖ whoseamplitudesarethe maximum of � i.i.d.
chi-squaredistributed randomvariableswith two degreesof
freedom.Theothertwo diagonalsentriesof � arechi-square
distributed random variables with two degrees of freedom
times � .

In case� is ill conditioned,the joint beamformercanstart
replacingthe“best” usersby their second“best” usersuntil the
resulting � is well behaved. Sincewe assumethat �]×� ,
the overall statisticsis not expectedto changeby this user
replacingprocedure.

The specialstructureof the channeltransfermatrix � re-
sulting from thesetuptopologyandtheschedulingprocedure,
playsa key role in understandingtheasymptoticscalinglaw of
the scheme’s per-cell sum-rate

� �4� ���
(expression(5)), which

is statedin the following proposition.

Proposition 2 The scaling law of
���2� �I�

is asymptotically
optimal with increasing number of users per-cell. Hence,� �4� �I�� ����� cEµ·  �¡ � � (15)

Proof: SeeAppendixB.
This results, can be intuitively explained by the fact that
due to the schedulingprocess,/��"� � 7 “becomes”diagonal/ � �Q� �'3 5 7 when � increases.Accordingly, for large � ,/���� � 7 U M “behaves” like / 365±Ã � �f� � 7 , and

� �2� ���
(expression

(5)) is well approximatedby���4� ��� )� � �Q� / � % y � �Q� � 7 � (16)

It is alsoconcludedthat theZFBF schemeprovidesa two fold
scalinglaw thanthatof theICTS scheme(10), in thepresence
of Rayleigh fading. Moreover, by definition, the sum-rateof
the ZFBF schemeensuresa non-interferencelimited behavior
for any numberof users� (not necessarilylarge).

Finally, we considerthe power constraintissueasymptoti-
cally with increasingnumberof usersper-cell.

Proposition 3 The considered ZFBF scheme, that maintains
an overall power constraint of

�zy
, ensures in probability

an equal per-cell power constraint of
y

, asymptotically with
increasing number of users per-cell.

Proof: SeeAppendixC.
As mentionedearlier, for cellularsystemsanindividual per-

cell power constraintis a morereasonablechoicethana sum-
power constraintwhich is moresuitablefor compactantenna
arrays.
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V. NUMERICAL RESULTS

At first, the non-fading setup is consideredunder the as-
sumptionthat the numberof cells is large

� å� . In Fig.
2 the spectralefficiencies4 per-cell of the optimal, ICTS, and
ZFBF schemes(expressions(7), (9), and (11) respectively)
are plotted as a function of the transmitted��æ Ã2ç D , for � � � è . It is observed that the ZFBF schemeoutperformsthe
ICTS schemeabove a certainpower threshold.The thresholdyêé / �Á7 (13) is shown in Fig. 3 as a function of the inter-cell
interferencefactor� ; theICTSschemeis superiorin theregion
below this curve (which is a monotonicallyincreasingfunction
of the � ), while theZFBF schemeprevails in theregion above
the curve.

Turning to the Rayleighfadingsetup,the spectralefficien-
cies per-cell (calculatedby Monte-Carlosimulations)of the
ICTS andZFBF (expression(5)) schemes,andtheasymptotic
upperboundof theoptimalscheme(expression(8)) areplotted
in Fig. 4 asa function of the transmitted� æ Ã2ç D , for � �  � è ,

4The spectral efficiency ë ã Ø Ú ÛªÜ Ý ä is defined through the following
relations: ë ã Ø Ú ÛªÜkÝ ä�ß$ì ã í²îLï ä and í²îLï ß$ì ã í[îLï ä2Ø Ú ÛªÜÀÝ .
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� � �fQ , andfinite dimensionalsystemof

� � ¯  cells5. It
is observed that for this set of parametersthe ZFBF scheme
losesonly a fraction of a bit/sec/Hzwhen comparedto the
upper bound of the optimal schemealready for a modest
number of usersper-cell (it is noted that the upper bound
is valid for �õö� and it might not be accuratefor small
valuesof � ). The gap betweenthe ZFBF curve andthe sum-
ratecapacityupperboundis clearly explainedby the fact that
the ZFBF schemedoesnot usethe antennaarray to enhance
the receptionpower but to eliminate inter-cell interferences.
Hence,theadditionalarraypower gain of / � % � � P 7 predicted
by the upperboundcannotbe achieved. Moreover, for large
values of � æ Ã2ç D , the ZFBF provides approximatelytwice
bits/sec/Hzthan the ICTS scheme,which can be explained
by the  � Ì pre-logterm of the ICTS sum-rateexpression(10).

In Fig. 5 the sum-ratesper-cell of the ICTS and ZFBF
schemes(Monte-Carlo simulations,and asymptotic expres-
sions (16) and (10)), and the upper bound of the optimal
scheme,areplottedasa function of the numberof usersper-

5It is notedthat a circular setupof q÷ßÎò�à , may be consideredfor any
practicalpurposeasan infinite array [7].



cell for
y � �f [dB], � �  � è and

� � ¯  . Examining
the curves,the observationsmadefor Fig. 4 arestrengthened,
since the small loss suffered by the ZFBF schemewhen
comparedto the upperboundis demonstratedto hold over a
wide rangeof � values.A good match betweenthe ZFBF
Monte-Carlo simulation results to its asymptotic curve is
observed as well, alreadyfor a modestnumberof usersper
cell.

Additional numerical results (not presentedhere due to
spacelimitations, see[12]) show that for a fixed � the gap
betweentheper-cell sum-ratecurvesof theoptimalandZFBF
schemesincreaseswith � . Moreover, by increasingthenumber
of usersper-cell, the standarddeviation of an arbitrary cell
transmitpower decreases,asanticipatedby Proposition3; the
normalizedstandarddeviation reducesby ø [dB] while the
numberof usersincreasesfrom � � �Q to � � �QfQ .

VI . CONCLUDING REMARKS

In this work a ZFBF schemefor thedownlink of thecircular
Wyner model is consideredin the absenceand presenceof
Rayleighfading.For theno fadingsetup,aclosedform expres-
sion for theper-cell sum-rateandround-robinscheduling(un-
derboth,overall andequalper-cell power constraints)demon-
stratessuperiorperformanceover the ICTS schemewhenthe
SNR crossesa certainthresholdwhich is an increasingfunc-
tion of � . IntroducingRayleighfading,andutilizing a simple
schedulingbasedon “best” local channeluserselection,the
per-cell sum-rateof theschemedemonstratesthesamegrowth
rateof

� �Q�X� �f� � as the optimal DPC scheme,asymptotically
with increasingnumberof usersper-cell � , while satisfying
(in probability) equalper-cell power constraints.Furthermore,
numerical resultsderived by Monte-Carlosimulationsshow
a goodmatchto the resultspredictedby the variousanalyses
includedalreadyfor a modestnumberof users.It is notedthat
sinceZFBF is utilized,non-interferencebehavior is guaranteed
for any numberof usersper-cell � (not necessarylarge).

Finally, it is noted that the resultspresentedhere,can be
expandedto include other setupssuch as planner cellular
models,and MIMO downlink channels.Other issuessuchas
extremeSNRanalysis,anddetailedproofsarereportedin [12].

APPENDIX

A. Proof of Proposition 1

Thesum-rateper-cell of thenon-fadingsetupis immediately
derived from (5) by omitting the expectation since ù is
deterministic.Hence,���4� �I� U�� � � � �f� @B � % �"y{�|X~ /����z� 7 U M4� Y\ � (17)

To evaluatethe inner log term of (17), the following set of
equalitiesareuseful{�|X~ /=��� � 7 U M � � 5VU Mú_ÀÓED �û _ ~ ���z� � � 5VU Mú_ÀÓED �û P_ /=� 7� 5VU Mú_ÀÓEDiü �� % � �Å¥ �E¦ £ Pªý _5 ©.þ P � (18)

where
û _ / H 7 is the a ’ th eigenvalue of an arbitrary matrix,

and the last equality is derived following [13]. Substituting
(18) into (17), and taking

�
to infinity yields (11).

Since, for the non-fading setup, ù is a circulant matrix,
then accordingto [13], /=���"� 7 U M is also circulant, and by
definition its diagonalentriesare equal.Hence,the average
transmitpower of the a ’ th cell site antennais given byy _ � � !$!�� � _ih _ � �zy�� /����z� 7 U M4� _ih _{�|X~ /����z� 7 U M4� � y � (19)

where ! is the beamformingmatrix defined in (3). It is
concludedthat the overall power constraintof

�zy
ensures

an equalper-cell power constraintsof
y

.

B. Proof of Proposition 2

Examining(8) it is evident that the optimal sum-ratescales
like
� �f�X� �f� � asymptoticallywith � . Hence,it is sufficient

to show that � �4� �I�� �f�X� �f� � c¬µ·  �¡ � � (20)

Next, thechanneltransfermatrix � , resultingfrom the“best”
local channel selection procedure,is shown to satisfy the
following Propositions(Proposition4 is not proved heredue
to spacelimitations andcanbe found in [12]).

Proposition 4 The Frobenius norm of the matrix/���� � Ã � �f� �ÿc 36587 converges in probability to 0.
Hence, ��� �"� � Ã � �f� �<c$365 ����� �c¬µ·  ¤¡ 8� (21)

where �ÆH�� � is the Frobenius norm of a matrix.

Proposition 5 The eigenvalues of the matrix /��"�"� Ã � �Q� �:7
converge in probability to 1. Hence,û _ /���� � 7�Ã � �f� � �c¬µ·  ¤¡ � �2¼½a � (22)

Proof: Sincethe Frobeniusnorm of an arbitrary rectan-
gular

�å�±�
Hermitianmatrix � may be expressedas

���	� � ��
 �� {}| / � � ��7 � uwwx �� 5VU Mú_ÀÓED û P_ / ��7V� (23)

thenaccordingto Proposition4, for any finite
�

we get����� �"�"�� �Q� � c$3 5 ������� � uwwx �� 5XU Mú_ÀÓED û P_ ü ���z�� �f� � c$3 5 þ� uwwx �� 5XU Mú_ÀÓEDiü û _ /���� � 7� �f� � ce� þ P �cEµ·  �¡  � (24)

andthe proof is completedby noting that the last equalityof
(24) holds if andonly if (22) holds.

Now, let us definethe following event � g����.Ò û _ Ã � �Q� �<ce��Ò½ÂÎ°¿�2¼½a l � (25)



where
û _ is the a ’ th eigenvalueof /����z� 7 . Next, we rewrite

the LHS� of (20) as� �2� �I�� �Q�V� �Q� � �e��� � �Q� ü � % �zy� _ M��� þ�� Ã � �f�X� �f� �� ������� � �Q� ü � % �zy� _ M��� þ�� Ã � �f�X� �f� �Õ �JÖ� y � /  7 � �Q� / � %:/ �kc±°²7 y � �Q� �:7� �f�X� �f� �Õ æ Ö� ü ú _ y � ®"!!!! û _� �f� � ce� !!!! ÂÎ° ³ c / � ce�f7 þ� �f� / � %:/ �kc±°[7 y � �Q� �:7� �f�X� �f� � c¬µ·  �¡ �8�
(26)

where � � is an indicator function, ° �  is an arbitrarysmall
constant,(a) is achieved by noting that the definition of


implies that

û _ � / �Wc °[7 � �f� � , and(b) is achieved by using
the following inequalityy � ü�#$% Ó M'& % þ � #ú % Ó M y � / & % 7Lc / ç,ce�Q7i� (27)

where g & % l #% Ó M is a set of arbitrary events. In addition, the
final limit of (26) is achieved by invoking Proposition5 and
taking � to infinity.

C. Proof of Proposition 3

The averagetransmit power of the a ’ th cell site antenna
conditionedon thechanneltransfermatrix � (expression(6))
satisfiesthe following setof inequalitiesy _ � �"y � /��"� � 7 U M2� _ih _{}|�~ /��"� � 7 U M2�´ y ®¬Ð Ï�Ñ_ � /��"�"� 7 U M � _ih _ ³ ~ Ð Ï�Ñ_ û _ /=���"� 7 �Õ �JÖ´ y ~ Ð Ï�Ñ_ û _ /}/=���"� 7 U M 7 � ~ Ð Ï�Ñ_ û _ /����z� 7 �� y Ð Ï�Ñ _ û _ /=���z� 7Ð)( * _ û _ /=��� � 7 �

(28)

where (a) is achieved by recalling that the eigenvalues of
an Hermitian matrix majorize its diagonal entries (Horn’s
Theorem[14]).

To prove the claim, it is enoughto show that the random
variable

y _ satisfiesy � / y _ ´ y % °[70c¬µ·  �¡ �8� (29)

for any arbitrarily small ° �  .
Now, Let us define +û Ç Ð Ï�Ñ _ û _ /����z� 7�Ã � �f� � ,

û ÇÐ)( * _ û _ /����z� 7�Ã � �f� � , and rewrite the LHS of (29) as

followsy � / y _ ´ y % °[7 Õ �JÖ� y � ® +ûû ´Ê� % °y$³Õ æ Ö� y � ® +ûû ´0� % °y $ !! +û ce� !! Â�° M $ Ò û ce��Ò½Â�° M ³Õ ,2Ö� y � ® � % ° M�kc±°SM ´0� % °y $ !! +û ce� !! Â�°QM $ Ò û ce��Ò½Â�°QM4³Õ -�Ö� y � ~ !! +û ce� !! Â�°QM $ Ò û ce�SÒ½Â�°SM �Õ .ªÖ� y � £ !! +û ce� !! ÂÎ°SM © % y � / Ò û ce��Ò½Â�°QM�7Èce�
c¬µ·  �¡ �8�
(30)

where,(a) is achieved using (28), (b) is due to the fact thaty � /0/ 7 � y1� /2/4365 7 where / � 5 are arbitrary events, (c)
is achieved by increasingthe eigenvalueratio, (d) is achieved
by setting °SM8Â MP °QÃ / ��y % °²7 , hence,ensuringthat the first
event hasprobability 1, and(e) is achieved by invoking (27).
Finally, the last limit is due to Proposition5.
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