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Abstract— The ergodic sum-rate capacity of a single-input
single-output (SISO) OFDM downlink channel, with � ho-
mogenous users scales as � ����� ����� when optimal scheduling
is employed under certain conditions. However, the optimal
schedulingrequiresthat the full channel state information (CSI)
for all users be available to the transmitter utilizing valuable
bandwidth resources. In [1], the authors show that almost the
same capacity growth holds even if the feedback rate fr om
the users to the transmitter is reduced to 1-bit per sub-carrier
per fading block for a limited class of channels. In this work,
we present an alternative simple analysis for a more general
class of channels resulting in a closed form expression for the
ergodic achievable sum-rate. The mechanism of setting sub-
optimal thr esholds for the 1-bit quantizers is elucidated by
simple lower bound to the sum-rate. Setting these sub-optimal
thr esholds ensures the same growth rate and non-interference
limited behavior (at high-SNR regime) as that of the full-CSI
schemeasymptotically with � .1

I . INTRODUCTION

The demandfor ubiquitoushigh rate datacommunication
has motivated the development of efficient wireless com-
munication techniquesover the last decade.Multi-carrier
techniques,and in particular, orthogonal frequencydivision
multiplexing (OFDM) techniques,are known for their abil-
ity to combat inter-symbol interference (ISI) resulting from
the needto communicateover widebandfrequency selective
fading channels.Their relative simple implementationand
the emergenceof low-cost power efficient high performance
digital signalprocessors,turnedOFDM into the idealbaseline
for wirelesscommunicationstandardssuchasIEEE 802.11a/g
(WiFi) and the evolving IEEE 802.16(WiMax).

A transmitter serving multi mobile terminals may use
opportunistic schedulingexploiting the multi-user diversity
effect to achieve higher communicationrates. This idea is
easily extendedto multi-carrier systemswhere opportunistic
schedulingmay be done independentlyfor eachsub-carrier
[2]. A difficulty in implementingopportunisticschedulingin
the downlink, is the need to track the userschannel state
information (CSI) at the transmitter. Since the sub-channels
neededto be estimatedat the receivers and fed back to the
transmitter, formsof limited feedbackthatreducetheoverhead
on the systemresourcesareof interest.

Focusingon single-inputsingle-output(SISO) setups,var-
ious methodsto reducethe amount of feedbackhave been

1This work wassupportedin part by NSF grantANI-0338788

suggestedrecently for flat and frequency selective channels
[3][4][5]. Nevertheless,thesepartialCSI schemesarebasedon
feedbackof an �
	��� realnumbers,where� denotesthenum-
ber of sub-carriers.Making thesepartial CSI schemeseven
moreeconomical,a 1-bit feedbackpersub-carrierschemewas
recentlyproposedin [1]. According to this scheme,for each
sub-carriera thresholdis usedfor the usersto comparetheir
sub-carriersfadepower levels to. Then eachuserfeedsback
the comparison� bits result to the transmitter. It is shown
in [1] for channelswith uncorrelatedtaps, that with 1-bit
feedbackpersub-carrierfor eachof the � users,andcarefully
selectedthresholds,the achievable sum-ratedemonstratesthe
samegrowth rateof � ����� ����� asthe full-CSI OFDM scheme.

The analysis of the 1-bit feedbackschemepresentedin
[1] (which is basedon the analysisof a similar scheme[6]
developedfor single carrier SISO downlink systemscommu-
nicatingover flat channels)involvesorderstatistics,resulting
in an implicit expressionfor the ergodic sum-rate.Such an
expressionprovideslittle insight into this problem.Indeed,the
authorshave to resortto numericalcalculationsto concludethe� ����� asymptoticbehavior of the optimal thresholds.In addi-
tion, the authorsapply tediousprobability convergencetools
to extract the asymptoticbehavior of their result. Moreover,
their approachis limited to theanalysisof frequency selective
channelswhich provides uncorrelatedsub-channelsgains in
thefrequency domain.This requirementleadsto channelswith� i.i.d. taps in the time domain. Hence,long cyclic prefix
shouldbeusedby thetransmitterresultingin a largeoverhead
of bandwidthandpower.

The main contribution of this work is to introducea simple
analysis,which yieldsa closedform expressionfor theergodic
sum-rateof the 1-bit feedbackschemeof [1]. This expression
which is also valid for channelswith taps that may be
correlatedin general,involvespower allocationto sub-carriers
using the long term channelstatistics.Furthermore,a simple
lower boundfor this rate is alsopresentedanda sub-optimal
selectionof the thresholdsis shown to achieve asymptotically
optimal performanceand non-interferencelimited behavior
when the numberof usersis large. Throughoutthis work, a
homogenousmodelis assumedwhereall userssharethesame
fading pathsdelays.This assumption,which is justified for
setupswherethemainscatterersarelocatednearthe transmit-
ting antenna,cansomewhat be relaxed, andnon-homogenous
channelswhere usersmay experiencedifferent fading paths



delays,areconsideredwith somepracticallimitations.
The rest of the paper is organizedas follows. In Section

II the systemmodelandthe homogeneouschannelmodelare
presented.The1-bit feedbackpersub-carrierper fadingblock
schedulingis describedin SectionIII. SectionIV summarizes
the results of the full-CSI scheme.An expressionfor the
ergodic sum-rateof the 1-bit feedbackschemeis derived in
SectionB while an asymptoticanalysisof this rate for large
numberof usersandhigh-SNRregime is presentedin Section
VI. Numerical results are summarizedin Section VII. The
resultsare extendedto include a non-homogenousmodel in
SectionVIII. Finally, a shortdiscussionandsomeconcluding
remarksareelaboratedin SectionIX. Variousderivationsand
proofsare includedin the Appendices.

I I . SYSTEM MODEL

The downlink channelof a single isolated cell setup in
which single-antennabase station transmitter is communi-
cating with a � single-antennamobile users,is considered.
We adhereto a homogeneousmodel where all the channels
betweenthe transmitterand the differentusershave identical
path delaysand path gain variances,which are assumedto
be constantand known to both the transmitterand receivers.
The channelsare assumedto be i.i.d. among users, and
their impulse responsesare approximatelyconstantduring
the coherencetime of the channelswhich is assumedto be
much longer than the respective delay spreads.The impulse
responsecoefficientsof eachchannelarezero-meancomplex
Gaussianrandomvariableswhich maybecorrelatedin general
and form an ergodic processin the time index. The reader
is referred to Appendix A for a detailed analysis of the
channel statistics.Lastly, the zero-meancomplex Gaussian
additive noise processesof the channelsare assumedto be
i.i.d. amongdifferent usersand “white” acrossthe relevant
frequency band.To combatthe frequency selective channels,
OFDM modulationwith � sub-carriersis used.Thesystemis
properlydesigned(with adequatecyclic prefix) in a way that
inter-carrier interference(ICI) and ISI areavoided.

Accountingfor the underlyingassumptions,and following
proper cyclic prefix removal at the receiver and discrete
Fourier transform(DFT) operation,the received vectorof the�
th useris given for an arbitraryOFDM symbol,by������� ���! !"#�
$ (1)

where �&%('*) 	,+ $.-  is the �0/21 zero-meancomplex
Gaussianvector of the information symbols,with covariance
matrix - and overall power constraint 354 � - �768�:9 . The
channelfrequency responseis the �;/<� diagonal matrix
denotedby � � , with zero-mean,complex Gaussiandiagonal
entries = ��> ?A@CB � �5D ?E> ? %F'*) 	5G $,H�I�J> ?  , correlatedfor each
user, in general.Due to the homogenousassumption,the long
term statisticsof each sub-carrieris identical for all users
and H�I�J> ?LK HMI? . Furthermore,N = �J> ? N I is a chi-squarerandom
variablewith two degreesof freedomand expectedvalue ofHMI? . The frequency domain additive noise �O/P1 vector is
denotedby " � , with " � %Q'*) 	,+ $.RTS  . The usersare fully

aware of only their own CSI and use a delaylessreliable
uplink channelto feedbacktheir partialCSI to thebasestation
transmitter.

I I I . SCHEDULING SCHEME

According to the 1-bit feedbackper sub-carrierscheme:
1) For each fading block (that could span over several

OFDM symbols),eachuser feedsback � bits, where
the U th feedbackbit of the

�
th user, V �J> ? , indicatesif

its correspondingU th sub-carrierfade power level has
crosseda certainlevel W ? .

2) After receiving the �A� feedbackbits from theusers,the
transmitterrandomlypicks one user X� 	YU# for transmis-
sion with power Z ?[@\B -]D.?E> ? over the U th sub-carrier,
from the setof userŝ

? � � �`_ V �J> ? � 1a� . In the case
wherê

? �7b , no power is allocatedfor this sub-carrier
during the currentfadingblock2.

3) Finally, the selectedusersindicesvector
� X� 	�UT�� Sdc�e?afhg is

sentto the usersprior to the datatransmission.
Thethresholdvector

� W ? � Sdc�e?afhg andthepower vector
� Z ? � Sdc�e?afhg

arepredeterminedaccordingto thelong termchannelstatistics� H�I? � Sdc�e?afhg , where the latter is selectedto satisfy the overall
power constraint.Finally it is noted that since during each
fading block, only one user is active for each sub-carrier,
a single user encoding-decodingschemeis employed across
many fadingblocks (andmany OFDM symbols).

IV. PRELIMINARIES

Accordingto asimilarscheme,but with full-CSI availableto
the transmitter, for eachfadingblock, all usersfeedbacktheir
received power level for eachsub-carrier. It is well known,
that the capacityachieving schedulingof the full-CSI setupis
for the transmitterto pick, for eachsub-carrier, the userwith
“best” channelfor transmissionwith power Z ? (the amount
of power is selectedto meet the overall power constraint)
using a complex Gaussiancodebook[2]. Next, the selected
user indices vector,

� X� 	YU#�� Sdc�e?afhg , and the power allocation
vector, i � � Z ? � Sdc�e?afhg , are fed back to the usersprior to the
datatransmission.Using theobservation that themaximumof�kjl1 i.i.d. chi-squarerandomvariableswith two degreesof
freedomis approximatedby � �m��� with high probability[7], it
is shown in [8], that for �njl1 , theergodicsum-ratecapacity
per sub-carrierof the full-CSI OFDM systemis given byoqp r.s�t %�uTv exwzy|{}E~*� }�� � S�� 1� Sdc�e� ?afhg � ���`��1  Z ?�H I? � �m������� (2)

Thesolutionto this standardoptimizationproblemis givenby
waterfillingZ ? ��� 1��� 1H I? � ��������� � � 3m��N iMN � Sdc�e�?afhg Z ? � �A9 $

(3)

2Later on it is argued that by proper selection of the thresholds,the
probability of a sub-carrierto be inactive vanisheswhen � is large. Hence,
the potentialimprovementon performancetaking into accountthe additional
availablepower, is negligible.



where 	Y�d � @ w]y�{�	5G $ �� $ ����� . Examining (3) and
assuminglarge number � of sub-carriers,and ��	Y�7 number
of sub-carrierswith long term zero fadepower level H�I? � G ,
reveals that for a finite 9 and increasingnumber of users� , the waterfilling solution converges to a uniform power
allocation Z ? � 9 $�� U� p r.s�t c#�¡ ¡¢ %�uTv e 1� S�c�e� ?afhg � �m� � 1  9 H I? � ����� � � (4)

Now, since � p r£sYt c#�¡ ¤¢� ����� ����� ¥uT¦¨§ 1 $
it is concluded that the ergodic sum-rate capacity of the
full-CSI schemegrows as � ����� ����� asymptoticallywith the
numberof users.

Examining (3) and adheringto similar argumentationre-
gardingthe channelstatistics,it is concludedthat waterfilling
has little effect at the high-SNRregime, and uniform power
allocationis optimal. In this casethe high-SNRergodic sum-
ratecapacityslope[9] of theoptimal full-CSI schemeis given
by © p r£sYt§ � � ª w� ¦¨§ � p r.s�t c#�¡ ¡¢� ����9 � 1«� (5)

This resultholds for any � , not necessarilylarge [8].

V. ACHIEVABLE SUM-RATE

Under the assumptionsof SectionsII, The ergodic achiev-
able sum-rateper sub-carrierof the 1-bit feedbackscheme
describedin Section III, is given by (see Appendix B for
details)� e.¬ t  	�®` � w]y�{}E~*� }E� � S�� 1� Sdc�e� ?afhgh¯ 	YW ?±° H I? $ ��Y² � W ?±° H I? $³H I? Z ? �

(6)
where¯ 	�� $³´  @ 1 � ��1 �:µ c#¶ �m·²L	�� $³´  @ � ���¸	51  � ´   µ 	E¹Yºa»�¼¼ ¡½ ª � 1  � ´´ � $ (7)

and ½ ª 	Y�d �P¾ §¶(¿|ÀmÁÂÄÃÆÅ is the exponentialintegral function.
Theexactexpressionfor theachievablerate,is valid for any �
(not necessarilylarge) and any choiceof the thresholds® �� W ? � Sdc�e?afhg . Theoptimal thresholdvector ® andoptimalpower
allocationvector i � � Z ? � Sdc�e?afhg that maximizethe achievable
sum-rate

� e.¬ t  	,®` , are functionsof the numberof users� ,
the total power constraint �A9 , and the long term channel
statistics

� HMI? � Sdc�e?afhg andcanbeevaluatednumericallyfrom (6).
Obviously, for large numberof sub-carriers,� , this might be
a complex optimizationproblem.

Applying a sub-optimaluniform power allocation, Z ? �9 � U , to (6) yields� e.¬ t  cT�¡ ¡¢ 	�®` � 1� Sdc�e�?afhg¸¯ 	YW ?±° H I? $ �7Y²Ç�³W ?*° H I? $³H I? 9¨���
(8)

Examining (8), reveals that the optimal thresholdsfor the
uniform power allocation can be calculatednumerically for
eachsub-carriercontributing term.

VI . SUB-OPTIMAL THRESHOLDS AND ASYMPTOTIC

ANALYSIS

To lower bound the achievable sum-rate(6) we note that²L	Y� $³´ �ÈÉ� �m�h	�1  � ´  $�� � $�´ ÈÉG . Hence,the sum-rateis
lower boundedby�]Ê ¬ 	�®z � wzy�{}Æ~*� }�� � S�� 1� Sdc�e�?afhg¸¯ 	YW ? ° H I? $ �7�� �m�q	�1  Z ? W ? ��

(9)
Comparing the lower bound (9), to the asymptotic capac-
ity of the full-CSI scheme(2), it is clear that a “good”
thresholdvector is such that for �ËjÌ1 the pre-log terms� ¯ 	YW ?±° H I? $ ��|� S�c�e?afhg approach1 and the multiuser diversity
gains are close to H�I? � ����� . By setting the following sub-
optimal thresholds[10]W sÎÍ? � H I? 	5� �m��� � � �m�q� �m���� $ (10)

thesetwo requirementsare fulfilled since,¯ 	�W sÎÍ? ° H I? $ �7 �7Ï 	Y�� @ÄÐ 1 � � 1 � � ������Ñ� u�Ò ¥uT¦¨§ 1 $
(11)

and W sÎÍ?H I? � �m��� � HMI? 	5� �m��� � � ����� �����7H I? � �m��� ¥uT¦¨§ 1[� (12)

Substitutingthe sub-optimalthresholds(10) into (9), the
lower boundboils down to�zÊ ¬ 	,® sÎÍ  � Ï 	��7� w]y�{}E~*� }�� � S�� Sdc�e�?afhg � ��� � 1  Z ?�H I? � �m� �� �m����� �

(13)
Thewaterfillingsolutionto thestandardoptimizationproblems
of (13) is given byZ ? � Ð 1�<� 1H I? � ��� uÊ Í�Ó u Ò � � � 3a�ÔN iMN � �A9 $ (14)

andfor uniform power allocationthe lower boundis given by� Ê ¬�c#�¤ ¡¢ 	�® sÎÍ  � Ï 	Y��� Sdc�e�?afhg � ��� � 1  9 H I? � �m� �� �m����� �
(15)

Adhering to similar argumentationregarding the channel
statisticsas madein SectionIV, we claim that for a finite 9
andlarge numberof users� , the waterfilling solutionof (14)
converges to the uniform power allocation solution of (15).
Now, since � Ê ¬5c#�¡ ¡¢ 	�® sÎÍ � ����� ����� ¥uT¦¨§ 1 $ (16)

andby noting that theergodicsum-ratefor anoptimal thresh-
olds selection, ® Í , is lower boundedby (15) and is upper
boundedby the full-CSI ergodic sum-ratecapacity� Ê ¬�c#�¤ ¡¢ 	,® sÎÍ �6 � e.¬ t  	�® Í M6 o p r£sYt $ (17)



it is concludedthat the ergodic sum-rateof the 1-bit feedback
schemegrows as � ����� ����� asymptoticallywith thenumberof
userswhich is the samegrowth rateachieved by the full-CSI
scheme.

Next, we considerthe high-SNRergodic sum-rateslopeof
the 1-bit feedbackschemewhich satisfies© e.¬ t § � � ª w� ¦¨§ � e.¬ t  	�® Í � �m��9 È�� ª w� ¦¨§ �zÊ ¬ 	,® sÎÍ � ����9� � ª w� ¦¨§ � Ê ¬�c#�¤ ¡¢ 	�® sYÍ � �m��9 �7Ï 	Y�� ¥uT¦¨§ 1«� (18)

where the secondequality is justified by adheringto similar
argumentationasmadefor the full-CSI schemeregarding the
channelstatistics,and claiming that the waterfilling solution
of (14) has little effect at the high-SNR regime. Hence,the
uniform power allocation solution of (15) is optimal in the
high-SNRregime.Thethird equalityis derivedby applyingthe
limit to (15).Finally, by recalling(11)and(17), it is concluded
thatthehigh-SNRergodicsum-rateslopeof the1-bit feedback
schemeapproachesthe high-SNRsum-ratecapacityslopeof
the full-CSI scheme(5) asymptoticallywith the numberof
users.

VI I . NUMERICAL RESULTS

In figure 1, curves of the averagespectral efficienciesper
sub-carrier3 of theanalyzedsetupsasa functionof theaverage
transmittedÕ`Ö ° � g , for � � 1�GmG and � �É×mØ�Ù , are shown.
In addition, a truncatedand shifted raisedcosinepulsewith
spanof 9 [samples]and rolloff factor of Ú � Ga� Û is usedto
shapethe transmittedsignals.The testedchannelis composed
of �zÜ � Û pathswith averagepowers

� GÆ� Ù $ Ga� Û $ GÆ� 1a� and
pathsdelaysof

� Ga� Ø¤Ý s $ 1 Ù � Ø�Ý s $qÞ Ga� Ø¤Ý s � (Ý s is the sample
duration).Theoverall paths’power gainsis normalizedto 1 in
orderto provide a propercomparisonto the referenceAWGN
channel.This channelprovides a worst-casescenario(for a
given rolloff factor), sinceits averagegains decreaseto zero
for sub-carriersindicesabove the cutoff frequency (for rolloff
factor of Ú � Ga� Û and � �Ç×�ØmÙ sub-carriersthe cutoff index
is aroundthe 90th sub-carrier).

Figure1 includesthe following spectralefficienciescurves:
(a) full-CSI schemewith optimalpower allocation(expression
(2)), (b) full-CSI schemewith uniform power allocation(ex-
pression(4)), (c) 1-bit feedbackschemewith uniform power
allocationandoptimal thresholds(expression(8)), and(d) ref-
erenceAWGN channel.It is observed that the 1-bit feedback
schemedemonstratesa small loss(lessthan Ga� Ø [bit/sec/Hz]),
due to the limited 1-bit feedback,when comparedto the
sum-ratecapacity of full-CSI scheme.Note that the actual
loss may be smallersincethe spectralefficiency of the 1-bit
feedbackschemewith uniform power andoptimal thresholds
is obviously a lower boundto the ultimatesum-rateachieved

3The averagespectralefficiency per sub-carrierin [bits/sec/Hz],expressed
as a function of the systemaveragetransmit ß�àÎá5âäã , ßæåà á£âäã , is evaluated

by solving the implicit equationobtainedby substitutingçLèêé`ëdì Áíîðï¡ñ ì Áíîðï ,
where éðò ß åà á£âäã³ó�èQôõò çdó standsfor the averagespectralefficiency per
sub-carrierof the differentsetups.

by the 1-bit feedbackscheme.It is also observed that the
optimal power allocationby waterfilling is beneficialonly in
the low-SNR regime.Finally, both schemeswith full-CSI and
1-bit feedback,demonstratea multiuser diversity gain when
comparedto the spectralefficiency of the referenceAWGN
channel.

VI I I . NONHOMOGENEOUS CHANNEL MODEL

In previous sectionsa homogenousmodel was considered
(seeAppendix A). According to this model, all usersexpe-
rience identical fading paths delays.Moreover, the average
powers of the pathsgains are also identical for all users.In
this section,the strict assumptionsarerelaxed,andboth paths
delaysand gains are no longer assumedto be equal for all
users.However, the total averagepower of the paths gains
remainsequalfor all users,i.e.,H Iö @ S¸÷�ø �¤ù� ú f e H Iö 	Yû $ � &ü � � $ (19)

where �   	 �  is the numberof fading pathsexperiencedby
the
�
th userand

� HMIö 	Yû $ � |� S¸÷�ø �¡ùú f e are its correspondinggains
averagepowers. It is noted that although the paths’ delays
are no longer identical, it is expectedthat they do not vary
significantly since it is assumedthat the main scatterersare
locatednearthe transmittingantenna.

Since in real life scenariosdifferent systemsshareadja-
cent frequency bands,emerging OFDM basedsystemssuch
as IEEE 802.16 basedsystems,do not allocate power to
near Nyquist sub-carriers,in order to reduce the mutual
interference.One of the conclusionsof Appendix A, is that
regardlessof the actual path delay, and assumingthat the
shapingpulse span is properly chosen,each path provides
a “flat” contribution to the overall sub-carrieraveragepower
gain vectorover thepass-bandfrequencies.Hence,by utilizing
sub-carrierswhich lie in thepass-bandonly, theeffective sub-
carriersaveragegain powersarepracticallyconstantandequalH I?]� H Iö ü0U � G $ 1 $ �¡�¡� $ � r³Í $ (20)

whereHMIö is definedin (19),andtheindex of thehighestactive
sub-carrier, � r³Í , canbe adjustedby a properselectionof the
rolloff factorof the raised-cosineshapingpulse.

Accountingfor the above assumptionsandrestrictions,it is
obvious that uniform power allocation (over the active sub-
carriers) Z ? � 9 � U0� B G $ � r.Í D and uniform thresholdsW ? � W � U�� B G $ � r.Í D , areoptimal. Respectively, the ergodic
achievablesum-rateperactivesub-carrierof the1-bit feedback
scheme,is derived by substituting(20) into (8), and is given
by � e.¬ t  cTý¡þ 	YW� %� ¯ 	YW ° H Iö $ �7�²P�³W ° H Iö $³H Iö 9¨� $ (21)

where ¯ 	�ÿ  and ²L	|ÿ  aredefinedby (7). It is notedthat (21)
is the sameas the rateof the single-carriersetupanalyzedin
[11]. In addition,it is easilyverified that (21) sharesthe same
asymptoticbehavior of the rateachieved for the homogenous
model (seeSectionVI).



IX. CONCLUSIONS

In this paperwe analyzethe ergodic sum-rateof the 1-bit
feedbackper fading block per sub-carrierschemepresented
in [1] for a SISO downlink channel. It is concludedthat
the schemewhich significantly reducesthe feedbackneeded
when comparedto the feedback neededfor the full-CSI
scheme,achievesasymptoticallywith thenumberof users,op-
timal sum-rategrowth and non-interferencelimited behavior.
Achieving the samehigh-SNRsum-ratecapacityslopeasthe
oneachievedby theoptimal scheme,demonstratesthespecial
case encompassedby the SISO setup, in which the high-
SNRsum-ratecapacityslope(or degreesof freedom)maynot
decreasewhenpartial CSI is availableto the transmitter. This
factcomesin contrastto thebehavior of a MIMO setup,where
it hasbeenrecentlyshown that partial CSI reducesthe high-
SNR sum-ratecapacityslope[12]. Finally, numericalresults
show that for an appropriatethresholdsselection,and even
for a moderatenumber of users, the schemedemonstrates
a spectral efficiency loss of fraction of [bit/sec/Hz] when
comparedto the fully informed scheme,and that optimal
power allocation provides little benefit (only at low-SNR
values)for the channelmodelconsidered.

APPENDIX

A. ChannelStatistics

The equivalentchannelimpulseresponse(assumingperfect
symbolandblock synchronizationbetweenthetransmitterand
receivers) is given for an arbitraryuserand fadingblock by��� � S�÷� ú f e � ú � 	�� Ý s ��� ú  $ (22)

where Ý s is the sample duration, �   is the number of
independentfading paths,

� � ú � S ÷ú f e are the respective paths
delays(much smallerthan the OFDM symbol duration),and� � ú � S�÷ú f e are the statistically independentpaths gains � ú %'*) 	5G $,H�Iö 	�û55 . In addition,� 	 Å  � 	 ��
� r 	 Å �� s Ý s  $ G�6 Å 6 ×  s Ý sG $ �m3����¡4��`ª � � $ (23)

where ��
� r 	 Å  is a raised-cosinefunction with a rolloff factorÚ and a bandwidthof 1 ° Ý s [13]. Hence, � 	 Å  is a truncated
andshifted raised-cosinefunction, which spansover ×  s  1
samples( s�� � ). It is noted,that the delay spreadof the
equivalentchannelis XÝ�� s 6 Ý�� s  × 	  s  1m Ý s (where Ý�� s is
the original delayspreadof the channel)andthe cyclic prefix
should be set accordingly. It is noted that signal shapingis
usedby OFDM systemin order to reducethe transmission
side-lobesand to mitigate the interferenceto other systems
operatingover adjacentfrequency bands.At thereceiversend,
thesamepulseis usedfor match-filteringthe incomingsignal.
Accordingly, in the current setup, a truncatedand shifted
square-rootraised-cosinefunction is used, resulting in the
equivalenttruncatedandshiftedraised-cosinefunctionof (23).

It is easily verified that the coefficients of the equivalent
channelimpulse responseare zero meancomplex Gaussian
r.v.’s, and their covariancecoefficientsaregiven by��� ¹ > ��� � Õ � � � ¹ ��� ��� � � S! � ú f e H Iö 	Yû5 � 	 Ï e Ý s ��� ú  � 	 Ï I Ý s ��� ú q�

(24)
Now, the ground is set to calculatethe U th sub-carriergain
averagepower for an arbitraryuser, which is given byH I?z� Õ#"$ %'&&&&&

Sdc�e� �¡fhg � � µ c)( �+*�,.-/ &&&&&
I10 2
3 � Sdc�e�� ¹ fhg

Sdc�e�� � fhg � � ¹ > � � µ ( �4*65 7 � À 7 ¹�8 -/
� S! � ú f e H Iö 	�û5 Sdc�e�� ¹ fhg

Sdc�e���� fhg � 	 Ï e Ý s ��� ú  � 	 Ï I Ý s ��� ú  µ ( �+*65 7 � À 7 ¹ 8 -/
� S! � ú f e H Iö 	�û5±N © ? 	 � ú �N I $

(25)
wherethe third equality is achieved by substituting(24), and
changingthe summationorder. In addition,

� © ? 	 � ú |� is the
DFT of the sampledshapingsignalwith offset � ú ,© ? 	 � ú  @ Sdc�e� �¡fhg � 	 � Ý s �9� ú  µ c)( �+*�,�-/ ü0U � G $ 1 $ �¤�¡�#� � 1]�

(26)
It is noted that

� N © ? 	 � ú |N I � is actually a function of the
differencebetweenthe path delay and the nearestleft-most
sample X� ú � � ú �9� ú wä�;: Ý s , andnot of the actualvalueof � ú .

In Figure 2,
� N © ? 	 X� ú �N I � is plotted for � �n×�Ø�Ù , raised

cosine rolloff factor of Ú � Ga� Û , raised-cosinespan of× 	  s  1m �=<�Ý s , and several values of X� ú . It is observed
that the casewhere X� ú � GÆ� Ø�Ý s providesa worst-casescenario
in terms of the sub-channelsgains, while the case whereX� ú � G (meaning that the path delay coincides with the
samplingprocess),provides a flat contribution to the overall
sub-carriersaveragegain vector. The latter is easily verified
from (25) andthe fact that the raisedcosinefunction satisfies
the Nyquist pulse shapingcriterion. Another observations is
a cutoff phenomenonfor X� ú?> G , resulting from the fact
that

� N © ? 	 X� ú |N I � is closely relatedto the Fourier transformof
the raised-cosinefunction. Accordingly, the cutoff frequency
decreaseswith increasingvaluesof the raised-cosinerolloff
factor Ú . In addition, a windowing effect is observed across
thepass-bandfrequencies,wheretherippleof thesub-channels
gainsincreasesfor decreasingspanvalues[8]. It is notedthat
for a properselectionof the raised-cosinespan,

� N © ? 	 X� ú |N I �
practically provides a “flat” contribution to the over all sub-
channelsgainswithin thepass-bandfrequencies,regardlessof
the actualvalueof X� ú .
B. Ergodic Sum-RateDerivation

According to the 1-bit feedbackschemedescribedin Sec-
tion III, the power allocation and thresholdvectors depend
on the long term statisticsof the channel(and not on the
instantaneousCSI), and are predetermined.In addition, at



any time instance,no more than one user is active in each
sub-carrier. Assumingan independentsingle user encoding-
decodingschemefor eachuseron eachsub-carrierover many
OFDM symbols(and many fading blocks), the ergodic sum-
rateachieved whenthe U th sub-carrieris active is given byX� ? 	YW ?*$ Z ?  � Õ �A@B - � ��C � ���EDJ1  Z ? N X= ? N I�FHG $ (27)

where N X= ? N I is an arbitrary fade power level which is con-
ditionally distributed above a certain level W ? , and Z ? is
the allocatedpower. It is easyto verify that the probability
distribution function of N X= ? N I is given byI � @B - � � 	Y�d � 1H I? �¡{�J � W ? � �H I? � ü0�!� B W ? $LK  $ (28)

with meanvalue Õ � N X= ? N I � � W ?  
HMI? . Applying the integra-
tion by part formula to (27) it is easilyverified thatX� ? 	YW ?*$ Z ?  � ²P�³W ? ° H I? $³H I? Z ? � $ (29)

where ²«	�ÿ  is defined by (7). Since, the U th sub-carrieris
active only if thereis at leastoneuserwith fadepower level
above thethreshold,theergodicsum-rateof the U th sub-carrier
is given by multiplying (29) by the averagefraction of time
in which the sub-carrieris active9HM�	Y� ? > G� � 1 � 9NM¡	�� ? � Gm � 1 � �³9HM�	|N = ? N IPO W ? �� u� 1 � � 1 � �¡{�J � � W ?H I? �ä� u �

(30)
where � ? is the number of userswith fade powers above
the thresholdW ? , and N = ? N I is anarbitrarychi-squarerandom
variablewith two degreesof freedomand expectedvalue ofHMI? . Hence,the ergodic sum-rateof the U th channelis given
by � ? 	YW ? $ Z ?  � 9NM¡	�� ? > Gm X� ? 	�W ? $ Z ? � ¯ 	YW ? ° H I? $ ��Y²Ç�³W ? ° H I? $,H I? Z ? � $ (31)

where ¯ 	|ÿ  is definedby (7). Finally, summingover all the
rates of all sub-carriersand maximizing the total sum-rate
by allocating the constrainedpower �:9 to the sub-carriers,
completethe derivation.
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