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Introduction

Why TL models?

m Regularization of a CFT by a finite lattice model
m Type A: Chiral CFT on a cylinder
m RSOS — Minimal models M(p + 1, p) - ¢1,s only
m Others — Some are log others aren't.
m Type B: Bulk CFT on a torus

m Twisted RSOS — Minimal models M(p + 1, p) (ADE and some
others, but not all)
m Others — Some are log others aren't.
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Introduction

Why TL models?

m Regularization of a CFT by a finite lattice model
m Type A: Chiral CFT on a cylinder
m RSOS — Minimal models M(p + 1, p) - ¢1,s only
m Others — Some are log others aren't.
m Type B: Bulk CFT on a torus

m Twisted RSOS — Minimal models M(p + 1, p) (ADE and some
others, but not all)
m Others — Some are log others aren't.

Can we understand defects in these lattice models?
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Introduction

Example I: The A, RSOS models

Includes Ising (p = 3), tri-critical Ising (p = 4), 3-states Potts (p = 5),

etc.
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Introduction

Example I: The A, RSOS models

1—2—=1=—2—1 The width k=0,1,2,...,p—2
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T_}_T_?_T | ] =lm > Asea(abied)
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Znm(k) = Tr(T, (k)™

The functions Mg ¢ (a, b, c, d) are implicitly given as products of

aaaaa

components of the eigenvectors of some matrix.
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Introduction

Example I: The A, RSOS models

Continuum limit: Virasoro minimal model M(p + 1, p)

p p—1

H~ @ @(ér,s & &r,S) (1)

s=1 r=1
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Introduction

Example I: The A, RSOS models

Continuum limit: Virasoro minimal model M(p + 1, p)

p p—1

H~ @ @(¢r,s & ér,S) (1)

s=1 r=1
p—1 Virasoro fusion!

p
I:I(k) ~ @ ((¢r,s Xf ¢1,k+1) & q;r,s)-

m Defects give the twisted-boundary RSOS models.
m Computing products require extensive numerics.

m What's the meaning of the As? How to generalize to other models?
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Temperley-Lieb algebras

The Temperley-Lieb algebras

Affine n-diagrams:

. Q)2 ’\.) +( q)"1/2 :)C\
J A \/\'
WaWze Wt N
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Temperley-Lieb algebras

The Temperley-Lieb algebras

Type A or regular Type B or affine
i=1,2....,n—1 ) )
. . e
:llU[]: b=(-aq) N
€ = 1 n 1 1l
i-1 n-i-1 v
€ie = (CI+C| )eiv e1be; = (qb-|—q_1b_1)el7
€€j+16 = €, eib="be; i #1

€i€j = €€ if ‘I—_]‘ > 2

Two Hoop operators:

n-1 n-1
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The TL Tower structure

¢°:aTlL,®c TLy — aTlyam

YA RN S

¢" :aTL, ®c Tlm — aTLpsm

N7/l A T ANTATAY




Temperley-Lieb algebras

The TL Tower structure

¢° - aTLy ®c TLlm — aTLnim

NT7nl IR T ONTAAS

@' 1 aTL, ®c TLyn — aTLlpym

N7ni IR T ANTARY

For any V € mod(TL,,), aTL, m ®71,, Vis a ( aTL,1m,aTL,)-bimodule
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Temperley-Lieb algebras

TL fusions

M, = mod(aTL,), V € mod(TLy)

—x;'/OV
/ > \
Mnfl C Mn C Mn+1 c - C Mn+mflc Mn+m CMn+m+1 [GEEES
\ < /
7+‘,!/°V

Y, X;:/o V = (aTlpim ®71, V) ®a1L, M, Fusion product

M +?/° V = Hom,1u,,, (aTLlnim ®11, V, M), Fusion quotient

J.Belletéte Ipht



Defects in TL lattice models

The TL Transfer matrix

ﬁ = (07BN A
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Defects in TL lattice models

The TL Transfer matrix

The box [] is the Jones-Wenz| projector: unique px € TL s.t. pi = Pk

and ejpx =0foralli=1,... k—1. Only exists for k=1,...,p—1
(q = elﬂ/(P+1))
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Defects in TL lattice models

The Hamiltonian

Classical: H, =", &

S o R N I -

—_—

i-1 n-i-1
With a defect :‘:I,’f = 27:—11 &,

- UXU (= T ]

i-1 n-i-1
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Defects in TL lattice models

The theorem

For M € mod(aTLym), let M= @Y(latL, ® pk)M, then

Kk
Hylig ~ Holmsstipe or  HalmzeTiep,
5k
Tolig ~ Tn|M+?TLkpk or Tn|M+?TLkPk'
In particular,
o
Zylm = Zolmstipor  ZnlM=oTLipes

i.e. if M describe some model, M +;'/° V describes the same model with

a V-defect.
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Defects in TL lattice models

Pros and cons

Pros

m Reps can be arranged in families A[n], B[n], etc. which describes the
regulariz. of the same sector of the CFT.

Aln + m] +4/° B[m] ~ Aln + k] +/° B[K],
m Products of defects are easy

(A+fB)+f C~A=f (B®C)

Tensor prod. of the TL cat.
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Defects in TL lattice models

Pros and cons

Pros

m Reps can be arranged in families A[n], B[n], etc. which describes the
regulariz. of the same sector of the CFT.

Aln + m] +4/° B[m] ~ Aln + k] +/° B[K],
m Products of defects are easy
(A+fB)+f C~A=f (B®C)
Tensor prod. of the TL cat.

Cons
m Any info. that is basis dependent is lost.

m Computing the iso-class of a fusion quotient is (relatively) easy,
finding what it is is difficult.
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Defects in TL lattice models

The tensor product in open TL

Simple modules I, k=0,....n 0<s;,5%<p—1 q = er,

min(s1+s,2p—(r+s)—2)

ls, ® s, = @ Ik (2)

k:\sl —52|
step =2

Continuum limit: |y — ¢1.145 in M(p+ 1, p).
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Defects in TL lattice models

The tensor product in open TL

Simple modules I, k=0,...n 0< 5,55 <p-1 q = er,

min(sy+s,2p—(r+s)—2)

ls, ® g, ~ b L, (2)

k:\sl 752|
step =2

Continuum limit: Is = ¢114s in M(p+1,p). 0<s<p-1<s

l, ®1s, ~0 (3)
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Defects in TL lattice models

The tensor product in open TL

Simple modules Ix, k=0,....n p<s;,s

I, ® ls, ~ Complicated formula~ B@® P @ | (2)
25
P~ s r
N K
k

- NSNS
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Defects in TL lattice models

Fusion quotient in aTL,

Twisted RSOS s1,5,53€1,...,p

min(s;+s3—1,2(p+1)—s;+s3—1)

. u ~ 2
X51,52 ~f IS3—1 — Xsl,k )
k:‘527$3|+1

step = 2
Continuum limit:

P
Xsi,5 ™ @ ¢r,sl ® ¢r,52
r=1

Xs1,5 +u s5—1 "7~ ®¢r s ¢r 5 Xf ¢1 53)
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Defects in TL lattice models

Fusion quotient in aTL,

Twisted RSOS s1,5,53€1,...,p

min(si+s3—1,2(p+1)—s1+s3—1)

.0 ~ E
X51,52 ~f IS3—1 — Xk,sz )
k:‘52753|+1

step = 2
Continuum limit:

P
Xsi,5 ™ @ ¢r,sl ® ¢r,52
r=1

p
Xs1,5 +? |53—1 ~ @((énsl Xf ¢1,53) oY ¢r,sz

r=1
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Defects in TL lattice models

Fusion quotient in aTL,

Unknown in general: for Y = —1, p =2, simples ~ Z

Wo =2 S3[8] ~ W_; & QF
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Defects in TL lattice models

So what now?

Modular transformations?

[
m Massive gap in the rep. theory of aTL at root of unity.

m Rep. theory when hoops are non-diagonal is (mostly) in-existent.
|

Physical meaning of those new boundary conditions?
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Defects in TL lattice models

The end

Thank you!
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dilute generalization, J. Phys. A: Math. Theor. 48, 395205 (2015).
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Defects in TL lattice models

Example Il: The XXZ spin-chain

The Hilbert space is C5" and

n + —1
H,-,(Q) = Z ( +1 to +1U + L 4q (UZUZ+1 1)) ’

j=1

z — z :I: :F2 :I:
Un+1 =01, n+1 Q

Y=(-1)"("Q ' +q9>Q), Y=¢>Q+q>Q1,
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Defects in TL lattice models

Example Il: The XXZ spin-chain

n—1 —1

u — — q + q Zz  Z
HY (@) = Z(aj a}jrl + ajﬂajr + 2 (afaf; — 1))
J

+ (= a®)ar, + Q1 —a )3y ) o,

(el ()@l
N < Ho-1(~Qq~1/?) A )
0 Hn—l(_qu/z) ’

A=(1—g*)a, , + Q(L—q *1)a;
where aj’-‘ :af, k=z+ j=12,...n—1, and

Z=a b =(Q% )Taf 3)
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Defects in TL lattice models

Example Il: The XXZ spin-chain

Y =(-1)"(a>Q ! +a>Q),

(el (el
v Qa*+Q7Ma™>  Qqg-a7h)PS-
0 Qra> + Qg™ )’
where Q1 = —Qq*'/2, and S, qii are the standard Ug(sl>) generators

on n— 1 spins.
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